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Abstract
The knowledge of the nuclear potential between two colliding nuclei is a fun-
damental ingredient in understanding a nucleus-nucleus collision. In order to
study the nuclear potential, the colliding nuclei must be brought together close
enough so that they experience the nuclear interaction. It has been demon-
strated that large-angle quasi-elastic scattering is a suitable method to study
the nuclear potential. In this thesis, analyses on the nuclear potential for heavy-
ion systems, namely 48Ti, 54Cr, 56Fe, 64Ni, and 70Zn + 208Pb systems, have been
performed through large-angle quasi-elastic scattering. At energies around the
Coulomb barrier height, it has been well known that the eect of channel cou-
plings, that is the coupling between the relative motion of the colliding nuclei
and their intrinsic motions as well as transfer processes, plays an important
role. Therefore, a coupled-channels procedure must be applied to take account
of this eect. cqel, which is a modied version of a computer code ccfull,
has been employed in order to perform these complex calculations. The nuclear
potential is assumed to have a Woods-Saxon form, which is characterized by
the surface diuseness parameter, the potential depth, and the radius parame-
ter. It is found that low values of the diuseness parameter in comparison with
the widely accepted value of around 0.63 fm are required in order to t the
experimental data at deep sub-barrier energies, that is at energies well below
the Coulomb barrier height. In order to see the eect of collision energies on
the deduced values of the diuseness parameter, experimental data with ener-
gies up to 3 MeV below the Coulomb barrier height are used in the ttings.
This leads to higher deduced values of the diuseness parameter, which are
closer to the widely accepted value. It seems that the phenomenon of threshold
anomaly might explain the relatively low diuseness parameters obtained at
deep sub-barrier energies, and also the increase in the diuseness parameters
as the collision energies increase. It is also possible that the increase in the
diuseness parameters with respect to the energies is due to the same reasons
that might cause the diuseness parameters obtained through fusion experi-
mental data higher than those obtained through scattering experimental data.
One of the possible reasons is the dynamical eects, particularly regarding the
neutron movements. Furthermore, the increase in the diuseness parameters
as the collision energies are increased also seems to have a possible tendency to
be a function of the charge product of the target and projectile nuclei.
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Abstrak
Pengetahuan tentang keupayaan nuklear diantara dua nukleus yang berlanggar
adalah sangat penting dalam memahami perlanggaran antara nukleus. Bagi
membolehkan keupayaan nuklear diselidik dan difahami, dua nukleus yang
bertembung perlu berada cukup dekat diantara satu sama lain supaya nukleus-
nukleus tersebut merasai tarikan nuklear. Ianya telah dibuktikan bahawa ser-
akan kuasikenyal pada sudut besar merupakan satu cara yang sangat sesuai
untuk menyelidik keupayaan nuklear. Didalam tesis ini, analisis tentang ke-
upayaan nuklear untuk sistem-sistem ion berat, atau dengan lebih tepat lagi
untuk sistem-sistem 48Ti, 54Cr, 56Fe, 64Ni, dan 70Zn + 208Pb, dilakukan dengan
menggunakan serakan kuasikenyal pada sudut besar. Pada tenaga sekitar pun-
cak halangan Coulomb, ianya sememangnya diketahui bahawa kesan gandin-
gan saluran, iaitu gandingan diantara pergerakan relatif nukleus-nukleus yang
berlanggar dengan pergerakan intrinsik nukleus-nukleus tersebut dan proses
pemindahan nukleon, memainkan peranan yang penting. Oleh itu, kaedah
gandingan saluran perlu digunakan bagi membolehkan kesan tersebut diambil
kira. cqel, yang merupakan satu versi yang diubahsuai daripada kod kom-
puter ccfull, digunakan bagi melaksanakan pengiraan-pengiraan yang rumit
ini. Keupayaan nuklear diandai mempunyai bentuk Woods-Saxon, yang di-
cirikan oleh parameter penyebaran permukaan, kedalaman keupayaan, dan pa-
rameter jejari. Ianya didapati bahawa nilai-nilai parameter penyebaran yang
jauh lebih rendah berbanding dengan nilai yang diterima umum, iaitu sekitar
0.63 fm, diperlukan bagi membuat penyuaian terbaik kepada data-data eksperi-
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men pada tenaga jauh dibawah puncak halangan Coulomb. Bagi menkaji kesan
tenaga perlanggaran keatas nilai-nilai parameter penyebaran yang diperolehi,
data-data eksperimen dengan tenaga sehingga 3 MeV dibawah puncak halangan
Coulomb digunakan dalam penyuaian terbaik. Ini membawa kepada nilai-nilai
parameter penyebaran yang diperolehi menjadi lebih tinggi, yang mana lebih
dekat dengan nilai parameter penyebaran yang diterima umum. Nilai-nilai
parameter penyebaran yang jauh lebih rendah berbanding dengan nilai yang
diterima umum yang diperolehi pada tenaga jauh dibawah puncak halangan
Coulomb, dan peningkatan nilai-nilai parameter penyebaran apabila tenaga
meningkat mungkin boleh dijelaskan oleh fenomena ambang anomali. Pen-
ingkatan nilai-nilai parameter penyebaran apabila tenaga meningkat mungkin
juga disebabkan oleh faktor-faktor yang sama yang mungkin menyebabkan nilai-
nilai parameter penyebaran yang diperolehi melalui data eksperimen lakuran
menjadi lebih tinggi daripada nilai-nilai yang diperolehi melalui data eksper-
imen serakan. Diantara faktor-faktor tersebut adalah kesan dinamik, teruta-
manya berkenaan pergerakan neutron. Selain daripada itu, peningkatan nilai-
nilai parameter penyebaran apabila tenaga perlanggaran lebih tinggi berke-
mungkinan mempunyai kecenderungan sebagai fungsi hasil darab caj nukleus
sasaran dan caj nukleus pelancar.
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Chapter 1
Introduction
The knowledge of the potential between two colliding nuclei is of fundamental
importance in order to describe nucleus-nucleus collisions. The nucleus-nucleus
potential is the sum of a short range attractive nuclear potential VN(r) and a
long range repulsive Coulomb potential VC(r). The Coulomb potential is well
understood. This has been demonstrated by the accurate description of the
Coulomb or Rutherford scattering, the scattering where only the long range
Coulomb potential acts.
Unlike the Coulomb potential, the exact form of the attractive potential
between two nuclei is not fully known. One way to determine the nuclear
potential is to accept a certain form of it and determine the parameters so
that the experimental data are reproduced. The phenomenological Woods-
Saxon form [1], which is characterized by the surface diuseness parameter,
the potential depth, and the radius parameter, is the most widely used. The
main attractiveness is that it is relatively simple, which would make theoretical
calculations easier to be performed.
The nuclear potential can be studied through fusion or quasi-elastic scatter-
ing experimental data. Quasi-elastic scattering is the sum of elastic scattering,
inelastic scattering and transfer reaction. Thus, quasi-elastic scattering and
fusion are complementary to each other due to ux conservation. At zero im-
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pact parameter (i.e. head-on collision), quasi-elastic scattering is related to the
reection probability by the potential barrier, while fusion is related to the pen-
etration probability. Strictly speaking, it is impossible to experimentally mea-
sure the quasi-elastic cross sections at deection angle of 180. However, it has
been shown that large-angle quasi-elastic scattering can be well approximated
as scattering at zero impact parameter through a centrifugal correction [2, 3].
There are advantages of studying the nuclear potential through the exper-
imental data of quasi-elastic scattering rather than fusion. For example, mea-
suring fusion cross sections requires specialized recoil separator (electrostatic
deector/ velocity lter) typically with low acceptance and eciency. On the
other hand, the measurement of quasi-elastic cross sections needs only a very
simple charged particle detector. This means that the experimental data of
quasi-elastic scattering are likely to be more accurate and less error-prone than
the experimental data of fusion. Hence, more accurate analyses on the nuclear
potential can be made through quasi-elastic scattering experimental data. Be-
sides, several eective energies can be measured from a single-beam energy.
This is because each scattering angle corresponds to scattering at a certain
angular momentum in the semi-classical approximation. Thus, by taking the
centrifugal correction into account, the cross sections can be scaled in energy.
Heavy-ion collisions involve the incidence of relatively heavy projectiles on
targets. If a compound nucleus is created, it would have a high atomic num-
ber. The developments and improvements of experimental equipment and tech-
niques have enabled heavy-ion reactions to be performed and measured with
a high degree of accuracy. Previously, studies on nuclei mainly involved the
bombardments on targets with light ions such as protons and alpha particles.
In heavy-ion collisions, many interesting phenomena can occur. For example,
by properly selecting targets and projectiles, it is possible to specically ex-
cite dierent degrees of freedom in the nuclei, which are associated with the
2
single-particle motion and the collective motion. The exploration in `the island
of stability'|the isolated region where nuclei are stable|has also led to the
formation of many super-heavy elements that are not found in nature [4{6].
Regarding the nuclear potential, it has been shown that the parameters of the
nuclear potential for heavy-ion systems obtained through fusion experimental
data dier from the ones obtained through quasi-elastic scattering experimental
data [7], and this is still not well understood. Therefore, it is apparent that
more studies on the nuclear potential for heavy-ion collisions, which might be
unique from the nuclear potential for light-ion collisions, are required in order to
make further progress in understanding heavy-ion reactions. The objective of
this thesis is to study the nuclear potential, particularly the diuseness param-
eter, for heavy-ion systems through large-angle quasi-elastic scattering. The
diuseness parameter determines the characteristic at the surface region of the
nuclear potential.
In order to study the nuclear potential, the colliding nuclei must be brought
together close enough so that the nuclear force of one nucleus is felt by the
other nucleus. Therefore, it is necessary for the nuclei to collide at energies
close enough to the Coulomb barrier height. Near the Coulomb barrier height,
it has been well established that the internal structures of the colliding nuclei
play a signicant role [8]. For example, it has been shown that the coupling
to the collective excitations such as the vibrational and the rotational states
in the target and projectile nuclei enhance the sub-barrier fusion cross sec-
tions [8], therefore, reducing the sub-barrier quasi-elastic cross sections. Nu-
merically solving the coupled-channels equations, including all relevant chan-
nels, are the standard way to apply the eect of channel couplings between
the relative motion and the intrinsic degrees of freedom of the colliding nuclei.
However, the full coupled-channels calculations turn into a very complex prob-
lem if many physical channels are included simultaneously. This also leads to
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a very long computing time in order to solve the equations. Therefore, several
simplications have often been applied. In this thesis, we employ the so-called
no-Coriolis approximation in solving the coupled-channels equations, which has
been shown to work very well for both large angle quasi-elastic scattering and
fusion reactions [3, 8{10].
This thesis is organized as follows. In Chapter 2, heavy-ion collisions around
the Coulomb barrier are discussed. First, we briey discuss the nucleus-nucleus
potential. Next, we review the experimental method to measure quasi-elastic
cross sections. We then discuss the coupled-channels equations, together with
the method to solve these equations. The scaling property for large-angle quasi-
elastic scattering is also reviewed.
In Chapter 3, we perform analyses on the nuclear potential for heavy-ion
systems using large-angle quasi-elastic scattering experimental data of 48Ti,
54Cr, 56Fe, 64Ni, and 70Zn + 208Pb systems at deep sub-barrier energies. We
study these collision systems since only the experimental data for these systems
are available to us. Deep sub-barrier energies correspond to the penetration
at the outer tail of the nuclear potential, thus still enable us to study the
nuclear potential. One of the main attractions for determining the nuclear
potential using the experimental data at these energies is that channel couplings
can be neglected since they are weak [11{13], thus simplifying the calculations
signicantly.
In order to make a more comprehensive study on the nuclear potential, it
is also important to investigate its dependence on certain aspects. In Chapter
4, by using the same heavy-ion systems as in Chapter 3, we intend to examine
the eect of collision energies on the deduced nuclear potential. Therefore, we
perform an investigation by using large-angle quasi-elastic scattering experi-
mental data with energies up to 3 MeV below the Coulomb barrier height in
the ttings. However, the eect of channel couplings must be considered in this
4
case. The results in Chapter 4 can be compared with the results in Chapter
3 in order to see the eect of increasing the collision energies on the deduced
nuclear potential.
The thesis is then summarized in Chapter 5.
5
Chapter 2
Heavy-ion collision around the
Coulomb barrier
2.1 The nucleus-nucleus potential
First, let us briey discuss the nucleus-nucleus potential, which is the sum of a
short range attractive nuclear potential VN and a long range repulsive Coulomb
potential VC . The Coulomb potential between two spherical nuclei with uniform
charge density distributions and when they do not overlap is given by [14]
VC(r) =
ZPZT e
2
r
; (2.1)
where ZP , ZT , r, and e are the atomic number of the projectile, the atomic
number of the target, the distance between the centers of the colliding nuclei,
and the elementary charge (Gaussian units), respectively. When the nuclei
overlap, the Coulomb potential is given by [14]
VC(r) =
ZPZT e
2
2RC
h
3 
 r
RC
2i
; (2.2)
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where RC is the radius of the of the equivalent sphere of the target and projec-
tile.
For the nuclear potential, the Woods-Saxon form is widely used, and is given
by [1]
VN(r) =   V0
1 + exp[(r  R0)=a] ; (2.3)
where V0 is the potential depth, a is the surface diuseness parameter, and
R0 = r0

A
1=3
T + A
1=3
P

, where r0 is the radius parameter, while AT and AP are
the mass numbers of the target and the projectile, respectively. Throughout
this thesis, the nuclear potential is assumed to have the Woods-Saxon form.
The diuseness parameter determines the characteristic at the surface region of
the nuclear potential. Figure 2.1 illustrates the characteristic of the nuclear po-
tential at the surface region using dierent values of the diuseness parameter.
It can be seen that a higher diuseness parameter makes the nuclear potential
to become more spread out.
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Figure 2.1: Illustration of the characteristic of the nuclear potential VN at the
surface region as a function of the distance between two nuclei using three dierent
values of the diuseness parameter a.
The radial Schrodinger equation comprises an eective potential dened by
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[can refer to Eq. (2.11)]
Ve(l; r) = VN(r) + VC(r) +
~2l(l + 1)
2r2
; (2.4)
which is a sum of nuclear, Coulomb and centrifugal components. Figure 2.2
shows a typical nucleus-nucleus interaction for a heavy-ion system at zero an-
gular momentum l = 0. The nucleus-nucleus potential produces a Coulomb
barrier height VB, located at a distance RB between the centers of the colliding
nuclei. The location of the potential pocket is denoted by rabs in Fig. 2.2.
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Figure 2.2: A typical nucleus-nucleus potential of a heavy-ion system at l = 0. The
dotted, dashed and solid lines represent the nuclear potential VN , Coulomb potential
VC , and the sum of the nuclear and Coulomb potentials, respectively.
In this thesis, we will study the nuclear potential for heavy-ion systems
through large-angle quasi-elastic scattering, in particular using the collisions of
208Pb with 48Ti, 54Cr, 56Fe, 64Ni and 70Zn. Fusion reactions are regarded to
certainly take place once a portion of the incoming ux traverses the Coulomb
barrier, while the remaining ux is reected by the barrier as quasi-elastic
scattering. Next, the experimental methods to measure the quasi-elastic cross
sections are reviewed. Then, we formulate the coupled-channels formalism for
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the processes mentioned above.
2.2 Experimental method for large-angle quasi-
elastic scattering
2.2.1 Introduction
The residual of the in-going ux particles that is not transmitted through the
Coulomb barrier is generally reected. We can quantify the reected ux in
terms of dierential quasi-elastic scattering cross sections. By denition, quasi-
elastic scattering comprises of elastic and inelastic scattering, and reactions
involving the transfer of a few nucleons between the colliding nuclei. In this
particular section, the experimental methods to measure the quasi-elastic cross
sections are discussed. We introduce two dierent methods to measure the
quasi-elastic cross sections [15]. One of the methods is by detecting the scattered
projectile-like nuclei at backward angles, while the other is by measurement of
the recoiling target-like nuclei at forward angles.
2.2.2 Detection at backward angles
Figure 2.3 illustrates the experimental set-up to detect quasi-elastic scattering
at backward angles. A gas-ionization detector is positioned at a certain angle 
relative to the beam direction. The angle  = 170 was chosen by the Canberra
group. Choosing the best position of the detector in performing the experiment
will be discussed in Section 2.6 (scaling property). The energy loss E of the
scattered particles is measured by this detector. The silicon surface-barrier de-
tector must be located at the edge of the gas-ionization detector in order to
measure their residual energy Eres. For each beam energy, the combined in-
formation from these two detectors enable the atomic numbers of the detected
9
nuclei to be identied. This is shown in Fig. 2.4(a) for the 16O + 144Sm re-
action. The elastic events is clearly dierentiated from the inelastic events in
the energy spectra, as shown in Fig. 2.4(b). This enables the extraction of the
elastic scattering dierential cross sections.
Figure 2.3: Schematic view of the experimental set-up which was used to measure
the quasi-elastic scattering at backward angles by the Canberra group. Taken from
Timmers [15].
2.2.3 Detection of recoils at forward angles
By detecting target-like nuclei, the quasi-elastic scattering cross sections can
also be measured together with the fusion measurements. The recoils are
detected through four monitor detectors located at forward angle lab. The
scattering angle of the recoiling target-like nucleus 0lab, and the angle of the
scattered projectile-like nucleus lab for elastic scattering are related in the lab-
oratory system by [15]
cos2(0lab) =
(AP + AT )
2
4APAT
  AP
4AT
 
cos(lab) +
s
A2T
A2P
  sin2(lab)
!
; (2.5)
Thus, for the 40Ca + 96Zr scattering for example, the detections of the recoiling
zirconium nucleus at 0lab = 22
 correspond to the scattering of 40Ca projectile
10
Figure 2.4: The lower panel (a) shows E versus Eres for the
16O + 144Sm reaction
at energy 73 MeV and  = 170 in the laboratory frame. It can be seen that the
scattered particles are clearly distinguished according their atomic numbers. The
upper panel (b) shows the energy spectrum of the scattered oxygen nuclei. The
channels associated with the 0+ and the combination of the 2+ and 3  states of
144Sm are resolved. Taken from Timmers et al. [2].
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at lab = 113:5
. The scattering angle in the center-of-mass system in this case
is c:m: = 136
, since [15]
tan(lab) =
sin(c:m:)
cos(c:m:) + AP=AT
: (2.6)
A typical energy spectrum of particles detected by detectors at lab = 22
 is
shown in Fig. 2.5. The recoil peak in this spectra is identied from its energy
relation to the Rutherford scattering peak as given by the reaction kinematics.
The recoil peaks are integrated in the spectra of the four monitor detectors
by shifting a xed gate proportional to recoil energy. The number of counts
are reduced by a background estimated as obtained from a region close to the
peak. For each energy, the recoil counts of the four detectors are added and
divided by the number of counts in the Rutherford scattering peak. This process
is to normalize the dierential quasi-elastic cross sections with respect to the
Rutherford cross section so that the data points at the lowest energies equal to
unity.
2.3 Formal theory of scattering
In this section, a single-channel potential model is used to derive the basic
formula for calculating the elastic and the fusion cross sections. The Schrodinger
equation for the relative motion in three dimensions is given as
h
  ~
2
2
r2 + V (r)  E
i
 (~r) = 0; (2.7)
where V (r) is the sum of nuclear and Coulomb potentials (i.e. V (r) = VN(r)+
VC(r)) and  is the reduced mass of the system. In the absence of the potential
V (r), one can explicitly solved this equation with  = exp(i~k:~r), where ~k being
the wave number vector, and the magnitude is given by k =
p
2E=~2. This
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Figure 2.5: A typical energy spectrum of the particles detected by the monitor
detector placed at forward angles  = 22. The Rutherford scattering peak at 138
MeV comprises the most number of counts. The position of the gate is indicated by
the dashed lines. Taken from Timmers [15].
solution has an asymptotic form of
 (r; ) = ei
~k:~r ! i
2k
1X
l=0
(2l + 1)il
e ik(r l=2)
r
  e
ik(r l=2)
r

Pl(cos )
r !1; (2.8)
where  is the angle between ~r and ~k, and Pl is the Legendre polynomials.
The characteristic of the solution changes in the presence of the potential.
However, the asymptotic form of the wave function can be written down in a
similar way to Eq. (2.8) due to the fact that the potential vanishes at innity.
By substituting the plane waves with the corresponding Coulomb waves, the
asymptotic form becomes
 (r; )! i
2k
1X
l=0
(2l + 1)il
H( )l (kr)
r
  SlH
(+)
l (kr)
r

Pl(cos ) r !1; (2.9)
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where H
(+)
l (kr) and H
( )
l (kr) are the outgoing and the incoming Coulomb
waves, respectively. Sl is the nuclear S-matrix and generally is a complex
quantity.
The S-matrix is determined as follows. By expanding the wave function
 (~r) in terms of the spherical harmonics as
 (~r) =
1X
l=0
1X
m= l
Alm
ul(r)
r
Ylm (~r) ; (2.10)
where Alm is the expansion coecient, ul(r) can fulll the Schrodinger equation
with 
  ~
2
2
d2
dr2
+ V (r) +
l(l + 1)~2
2r
  E

ul(r) = 0: (2.11)
The equation can be solved by imposing the boundary conditions
ul(r)  rl+1 r ! 0 (2.12)
= H
( )
l (kr)  SlH(+)l (kr) r !1 (2.13)
Using the obtained nuclear S-matrix Sl, the dierential elastic cross section is
then evaluated as
del
d

= jf()j2; (2.14)
where
f() =
i
2k
1X
l=0
(2l + 1)Pl(cos ) (1  Sl) : (2.15)
The total elastic cross section is given by
el = 2
Z 1
 1
d(cos )
d
d

=

k2
1X
l=0
(2l + 1) jSl   1j2 : (2.16)
The absorption of the incident ux can be considered as fusion reactions.
The absolute value of the S-matrix is smaller than unity when the potential
is complex. The dierence between the incoming and the outgoing waves is
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evaluated from Eq. (2.9) as
jin   jout = k~


k2
X
l
(2l + 1)
 
1  jSlj2

: (2.17)
In obtaining Eq. (2.17), the radial ux has been integrated for all possible
values of . Dividing Eq. (2.17) with the incident ux v = ~k=, the fusion
cross section is then given by
fus(E) =

k2
X
l
(2l + 1)
 
1  jSlj2

: (2.18)
In heavy-ion fusion reactions, rather than applying the regular boundary condi-
tion at the origin [Eq. (2.12)], the so-called incoming wave boundary condition
(IWBC) has often been applied with keeping the potential real [10,16,17]. With
this boundary condition, the wave function becomes
ul(r) = Tl exp

 i
Z r
rabs
kl (r
0) dr0

; r  rabs (2.19)
at distances smaller than the absorption radius rabs, which are regarded to be
inside the Coulomb barrier. kl(r) is the local wave number for the l-th partial
wave and dened as
kl(r) =
s
2
~2

E   V (r)  l(l + 1)~
2
2r2

: (2.20)
When there is a strong absorption in the inner region of the Coulomb barrier
such that the incoming ux does not return back, this case is considered as
the incoming wave boundary condition. For heavy-ion fusion reactions, the
choice of the absorption radius rabs does not aect the nal results signicantly.
Usually rabs is taken to be at the minimum position of the potential (see Fig.
2.2). Using the incoming wave boundary condition, Tl in Eq. (2.19) can be
interpreted as the transmission coecient. Therefore, the S-matrix Sl in Eq.
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(2.13) is the reection coecient. Hence, Eq. (2.18) can be written as
fus(E) =

k2
X
l
(2l + 1)Pl(E); (2.21)
where Pl(E) is the penetrability which is dened as
Pl(E) = 1  jSlj2 = kl(rabs)
k
jTlj2 (2.22)
for the boundary conditions of Eqs. (2.12) and (2.19).
2.4 Coupled-channel formalism
2.4.1 Coupled-channels equation with full angular mo-
mentum
Let us now discuss the eect of coupling to intrinsic degrees of freedom in heavy-
ion collisions. When the number of the intrinsic degrees of freedom is small,
this problem can be addressed by explicitly solving the Schrodinger equation.
The eect of the coupling between the relative motion and several intrinsic
motions of the colliding nuclei has been shown to cause large enhancements of
the fusion cross sections at collision energies below the Coulomb barrier. This
has been demonstrated by extensive experimental as well as theoretical studies
[8,18,19]. Quasi-elastic scattering is also inuenced by a similar eect, where the
cross sections at collision energies above the Coulomb barrier are larger than the
prediction of one dimensional model [2, 3, 20, 21]. Among the possible intrinsic
excitations of nuclei, the low-lying collective motions have been revealed as
the most signicant nuclear intrinsic motions for heavy-ion collisions , e.g. the
low-lying vibrational excitations with several multi-polarities, or the rotational
motion of deformed nuclei [8,18]. In certain situations, the coupling to nucleon
transfer processes also serves a role [2,22{25]. In this section, we formulate the
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coupled-channels framework for heavy-ion collisions, which is also the basis in
formulating the computer code that is used in this thesis.
Let us consider a collision between two nuclei in the presence of the coupling
between the relative motion of the center of mass of the colliding nuclei, ~r =
(r; r^) and the nuclear intrinsic motion . We can say that Hamiltonian for the
system is
H (~r; ) =   ~
2
2
r2 + V (r) +H0() + Vcoup (~r; ) ; (2.23)
where  is the reduced mass of the system, V (r) is the bare potential in
the absence of the coupling which consists of the nuclear and Coulomb parts
(V (r) = VN(r)+VC(r)), H0() is the Hamiltonian for the intrinsic motion, and
Vcoup is the mentioned coupling. The Schrodinger equation for the total wave
function then becomes

  ~
2
2
r2 + V (r) +H0() + Vcoup (~r; )

	(~r; ) = E	(~r; ) : (2.24)
The internal degree of freedom  basically has a nite spin. We can write the
coupling Hamiltonian in multipoles as
Vcoup (~r; ) =
X
>0;
f(r)Y (r^)  T (); (2.25)
where Y (r^) is the spherical harmonics and T () is the spherical tensors
built from the internal coordinate. The dot means a scalar product. The sum
is taken over all values of  except for  = 0 since it is already considered in
V (r).
The expansion basis for the wave function in Eq. (2.24) for a xed total
angular momentum J and its z-component M is dened as
h~rj(nlI)JMi =
X
ml;mI
hlmlImI jJMiYlml(r^)'nImI (); (2.26)
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where l and I are the orbital and the internal angular momenta, respectively.
'nImI () is the wave function for the internal motion which fullls
H0()'nImI () = n'nImI (): (2.27)
The total wave function 	(~r; ) is expanded with this basis as
	(~r; ) =
X
n;l;I
uJnlI(r)
r
h~rj(nlI)JMi; (2.28)
The Schrodinger equation [Eq. (2.24)] can then be written as a set of coupled
equations for uJnlI(r)

  ~
2
2
d2
dr2
+ V (r) +
l(l + 1)~2
2r2
  E + n

uJnlI(r)
+
X
n0;l0;I0
V JnlJ ;n0;l0;I0(r)u
J
n0;l0;I0(r) = 0; (2.29)
where the coupling matrix elements V JnlJ ;n0;l0;I0 are given as
V JnlJ ;n0;l0;I0(r) = hJM(nlI)jVcoup(~r; )j(n0; l0; I 0)JMi
=
X

( )I I0+l0+Jf(r)hlkYkl0ihnIkTkn0I 0i

p
(2l + 1)(2I + 1)
8><>: I
0 l0 J
l I 
9>=>; : (2.30)
The reduced matrix elements in Eq. (2.30) are dened by
hlmljYjl0ml0i = hl0ml0jlmlihlkYkl0i: (2.31)
Since V JnlJ ;n0;l0;I0(r) are independent of the index M , the index has been sup-
pressed as seen in Eq. (2.30). Equation (2.29) is called coupled-channels equa-
tions. For heavy-ion fusion reactions, these equations are usually solved using
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the incoming wave boundary conditions
uJnlI(r)  T JnlI exp

 i
Z r
rabs
knlI(r
0)dr0

; r  rabs (2.32)
! i
2
 
H
( )
l (knIr)n;nil;liI;Ii +
r
knIi
knI
SJlIH
(+)
l (knIr)
!
; r !1 (2.33)
where knI =
p
2(E   nI)=~2, knIi = k =
p
2E=~2 and the local wave
number knlI is dened as
knlI(r) =
s
2
~2

E   nI   l(l + 1)~
2
2r2
  V (r)  V JnlI;nlI(r)

: (2.34)
Once we get the transmission coecients T JnlI , the penetrability through the
Coulomb barrier is given by
P JliIi(E) =
X
n;l;I
knlI(rabs)
k
jT JnlI j2; (2.35)
where k = kniIi is the wave number for the entrance channel. The fusion cross
section for unpolarized target is given by
fus(E) =

k2
X
JMli
2J + 1
2Ii + 1
P JliIi(E): (2.36)
The initial angular momentum li is J when the initial intrinsic spin Ii is zero.
With the indexes li and Ii are suppressed in the penetrability, Eq. (2.36) then
reads
fus(E) =

k2
X
J
(2J + 1)P J(E); (2.37)
which is identical to Eq. (2.21), but the penetrability P J(E) is now aected by
the channel couplings.
Contrary to the calculation of fusion cross sections, the calculation of quasi-
elastic cross sections often requires a large value of angular momentum in order
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to obtain converged results. The potential pocket at r = rabs becomes shallow
or even disappears for such large angular momentum. Hence, the incoming
ux in Eq. (2.32) cannot be properly identied. Therefore, the quasi-elastic
problem usually employ the regular boundary conditions at the origin rather
than using the incoming wave boundary conditions. When using the regular
boundary conditions, a complex potential, VN(r) = V
0
N(r) + iW (r), is required
to simulate the fusion reaction. Once the nuclear S-matrix in Eq. (2.33) is
obtained, the scattering amplitude can then be calculated as
fJlI(; E) = i
X
Jl
r

kknI
iJ lei[J (E)+l(E nI)]
p
2J + 1Yl0()(S
J
lI   I;Iil;li)
+fC(; E)l;liI;Ii (2.38)
where l is the Coulomb phase shift and fC is the Coulomb scattering ampli-
tude. The phase shift is given by
l = arg  (l + 1 + i); (2.39)
where  = Z1Z2e
2=~ is the Sommerfeld parameter, while the scattering am-
plitude is given by
fC(; E) =

2k sin2(=2)
exp[ i ln[sin2(=2)] + 2i0(E)]: (2.40)
Using Eq. (2.38), the dierential cross section is evaluated as
dqel(; E)
d

=
X
JlI
knI
k
jfJlI(; E)j2; (2.41)
and from Eq. (2.40), the Rutherford cross section is given by
dR(; E)
d

= jfC(; E)j2 = 
2
4k2
csc4(=2): (2.42)
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2.4.2 Coupled-channels equations in the no-Coriolis ap-
proximation
If many physical channels are considered, the full coupled-channels calculations
[Eq. (2.30)] would be very dicult to manage. The dimension of the coupled-
channels equations generally becomes too large for the practical purposes. In
light of this, an approximation known as the no-Coriolis approximation, which
is also called as the rotating frame approximation or the iso-centrifugal approx-
imation, has often been used [9, 26{30]. The no-Coriolis approximation was
initially used in the elds of chemistry under the name of centrifugal sudden
approximation [31{33]. This approximation has also been employed in solving
the electron molecule scattering problem [34].
For simplicity, let us say that the initial intrinsic spin is zero. In the no-
Coriolis approximation, the whole system is transformed to the rotating frame
such that the z-axis is along the direction of the relative motion ~r at every
instance [35]. One can accomplish this by replacing the angular momentum of
the relative motion in each channel with the total angular momentum J , that
is
l(l + 1)~2
2r2
 J(J + 1)~
2
2r2
: (2.43)
This assumption basically means that the change of the orbital angular momen-
tum between the colliding nuclei due to the excitation of the intrinsic degree
of freedom is negligible. The transformation to the rotating frame can be ap-
plied without leading to any complication since the operator for the rotational
coordinate transformation in the whole space commutes with the centrifugal
operator for the relative motion [35]. Using Y(r^ = 0) =
p
(2+ 1)=4;0,
the coupling Hamiltonian of Eq. (2.25) in the rotating frame then reads
Vcoup(r; ) =
X

r
2+ 1
4
f(r)T0(): (2.44)
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The complicated angular momentum coupling disappears in the no-Coriolis
approximation as the coupling Hamiltonian no longer depends on the angu-
lar component of the relative coordinate between the colliding nuclei. Hence,
the coupled-channels equations are transformed into those in a spin-less sys-
tem. In the no-Coriolis approximation, the dimensions of the coupled-channels
equations are drastically reduced. For example, the original coupled-channels
equations for quadrupole mode of excitation ( = 2) have 13 dimensions for
J > 4 when the excitations are truncated at the second excited states. However,
in the no-Coriolis approximation, the dimensions are reduced to 3.
To formulate the coupled-channels equations in the no-Coriolis approxima-
tion, the total wave function in the rotating frame can be expanded as
	(~r; ) =
X
nI
vJnI(r)
r
YJ0(r^)'nI0(): (2.45)
The radial wave function for the (nI)-channel vJnI is connected to the original
wave function as [36]
vJnI(r) =
X
l
hI0J0jl0iuJnlI(r): (2.46)
The coupled-channels equations for vJnI(r) is then given by

  ~
2
2
d2
dr2
+ V (r) +
J(J + 1)~2
2r2
  E + n

vJnI(r)
+
X
n0;I0
X
>0
r
2+ 1
4
f(r)h'nI jT0j'n0I0ivJn0I0(r) = 0: (2.47)
For heavy-ion fusion reactions, these coupled-channels equations are again
solved by employing the incoming wave boundary condition
uJnlI(r)  T JnI exp

 i
Z r
rabs
knJI(r
0)dr0

; r  rabs (2.48)
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2
 
H
( )
J (knIr)n;niI;Ii +
r
knIi
knI
SJIH
(+)
J (knIr)
!
; r !1 (2.49)
where knIi , knI and knJI(r) are dened the same as in the earlier subsection.
The fusion cross section is given as in Eq. (2.37) where the penetrability is
P J(E) =
X
n;I
knJI(rabs)
k
jT JnI j2: (2.50)
As before, for large angle quasi-elastic scattering, the regular boundary con-
dition is imposed at the origin instead of using the incoming wave boundary
condition of Eq. (2.48) in order to solve Eq. (2.47). The quasi-elastic cross
section can be calculated through Eq. (2.41) where the scattering amplitude is
fJlI(; E) = f
J
I (; E) = i
X
J
r

kknI
ei[J (E)+J (E nI)]
p
2J + 1
YJ0()(SJI   I;Ii) + fC(; E)I;Ii : (2.51)
Many studies have investigated the validity of the no-Coriolis approximation
for both heavy-ion fusion reaction and quasi-elastic scattering and have shown
that this approximation works very well [3, 8, 10].
2.5 Coupling to low-lying collective states
2.5.1 Vibrational coupling
Nuclear coupling
In this section, we will discuss the explicit form of the coupling Hamiltonian
Vcoup. Throughout this thesis, we assume that the nuclear potential has a
Woods-Saxon form as in Eq. (2.3). Let us rst consider couplings of the relative
motion to a 2 pole surface vibration of the target nucleus. The radius of the
vibrating target nucleus in the geometrical model of Bohr and Mottelson is
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characterized as
RT (; ) = RT
 
1 +
X

Y(; )
!
; (2.52)
with RT is the equivalent sharp radius while  is the coordinate of the sur-
face vibration. A harmonic oscillator can be used to approximate the surface
oscillation and is given by
H0 = ~!
 X

aya +
2+ 1
2
!
; (2.53)
where ~! is the oscillator quanta and ay and a are the phonon creation and
annihilation operators, respectively. The surface coordinate  is related to
the phonon creation and annihilation operators by
 = 0

ay + ( )a

: (2.54)
Here 0 is the amplitude of the zero point motion and is related to the defor-
mation parameter  by 0 = =
p
2+ 1 [37]. The deformation parameter
 can be evaluated from the measured electromagnetic transition probability
B(E) " using [38]
 =
4
3ZTRC

B(E) "
e2
1=2
; (2.55)
where RC is the Coulomb radius, and is taken to be the same as RT .Therefore,
0 is given by
0 =
1p
2+ 1
4
3ZTRT

B(E) "
e2
1=2
: (2.56)
The angular momentum of the relative motion does not change in the no-
Coriolis approximation. Evaluating the associated spherical harmonics in Eq.
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(2.52) at angle r^ = 0 leads to the factor
p
(2+ 1)=4. Thus, Eq. (2.52) reads
RT (; 0) = RT
 
1 +
r
2+ 1
4
0
!
: (2.57)
Using Eqs. (2.54), (2.56) and (2.57), the nuclear coupling potential can be
written as
V
coup(vib)
N (r; O^) =
 V0
1 + exp
h
r  R0  RT O^=
p
4

=a
i ; (2.58)
where the dynamical operator O^ is
O^ = 

ay0 + a0

: (2.59)
The eigenvalues and the eigenvectors of the operator O^ must be determined
in order to obtained the matrix elements of the nuclear coupling Hamiltonian
between the n-phonon state and the m-phonon state. The operator O^ satises
O^ji = ji: (2.60)
The eigenvalues and eigenvectors can be obtained by diagonalizing the matrix
elements of the operator between the phonon states,
Onm = (
p
mn;m 1 +
p
nn;m+1): (2.61)
After the eigenvalues and eigenvectors are determined, then the nuclear matrix
elements of Eq. (2.58) can be evaluated as
V Nnm(r) = hmjV coup(vib)N jni   VN(r)n;m
=
X

hmjihjni  V0
1 + exp
 
r  R0  RT =
p
4

=a

 VN(r)n;m: (2.62)
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In order to ensure the coupling interaction vanishes in the entrance channel,
the last term in Eq. (2.62) is introduced.
Coulomb coupling
Let us now look into the Coulomb part of the coupling Hamiltonian. The
Coulomb potential between a point-like spherical projectile and a vibrating
target is given by
VC(~r) =
Z
d~r0
ZPZT e
2
j~r  ~r0j T (
~r0)
=
ZPZT e
2
r
+
X
0 6=0
X
0
4ZP e
20 + 1
Q00Y

00(r^)
1
r0 + 1
(2.63)
where T is the charge density of the target nucleus, ZT and ZP are the atomic
numbers of the target and the projectile nuclei, respectively, and Q00 is the
electric multipole operator dened by
Q00 =
Z
d~rZT eT (~r)r
0Y00(r^): (2.64)
The rst term on the right hand side of Eq. (2.63) is the bare Coulomb poten-
tial, while the second term is the Coulomb component of the coupling Hamil-
tonian. Equation (2.63) is obtained by using the following formula
1
j~r  ~r0j =
X
00
4
20 + 1
r
0
<
r
0+1
>
Y00(r^
0)Y 00(r^): (2.65)
The relative coordinate r is assumed to be larger than the charge radius of the
target nucleus. If the target nucleus is assumed to have a sharp distribution of
matter, the electric multipole is given by
Q00 =
3ZT e
4
R
0
T ;0;0 (2.66)
26
up to the rst order in the surface coordinate . Thus, we can write the
coupling component of the Coulomb interaction as
V
coup(vib)
C (~r; ) =
X
;
3ZPZT e
2
2+ 1
RT
r+1
Y

(r^)
=
X
;
fC (r)Y

(r^) (2.67)
where
fC (r) =
3ZPZT e
2
2+ 1
RT
r+1
(2.68)
is called the Coulomb coupling form factor.
Transforming to the rotating frame according to the no-Coriolis approxima-
tion, the Coulomb coupling is given by
V
coup(vib)
C (r; O^) =
X

3ZPZT e
2 R

T
r+1
0p
4
=
X

3ZPZT e
2
2+ 1
RT
r+1
O^p
4
(2.69)
where O^ is given by Eq. (2.59).
The Coulomb coupling matrix elements, denoted by V Cnm(r), can then be
evaluated similar to the nuclear coupling Hamiltonian, with
V Cnm(r) = hmjV coup(vib)C jni
=
X

3ZPZT e
2
2+ 1
RT
r+1
p
4
[
p
mn;m 1 +
p
nn;m+1] (2.70)
The total coupling matrix elements are basically the sum of the nuclear and
the Coulomb couplings
Vcoup(r) = V
N
nm(r) + V
C
nm(r): (2.71)
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Projectile and target excitations
The above formulation can also be extended to the case where the relative
motion couples to the vibrational excitation of the projectile nucleus in addition
to the vibrational excitation of the target nucleus. In this case, the coupling
potential can be written as
Vcoup(r; O^P ; O^T ) = VC(r; O^P ; O^T ) + VN(r; O^P ; O^T ); (2.72)
VC(r; O^P ; O^T ) =
ZPZT e
2
r

3RPP
(2P + 1)rP
O^Pp
4
+
3RTT
(2T + 1)rT
O^Tp
4

; (2.73)
VN(r; O^P ; O^T ) =
 V0
1 + exp
 
[r  R0   (RP O^P +RT O^T )=
p
4]
a
!
 VN(r): (2.74)
The O^T and O^P are the excitation operators for the target and projectile
nuclei, respectively, and have a form of Eq. (2.59). P and T represent the
multi-polarity of the vibrations in the projectile and the target nuclei, respec-
tively. In Eq. (2.74), the term VN(r) is subtracted in order to avoid double
counting.
The matrix elements of the coupling potential of Eq. (2.72) are evaluated
in a similar way as Eqs. (2.62) and (2.70). Firstly, the operators O^P and O^T
are diagonalize in the physical space in order to obtain their eigenvalues and
eigenvectors. The coupling potentials are then calculated as
Vnm(r) = hmjVcoupjni   VN(r)n;m
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=
X
;
hmjihjnihmjihjni
  V0
1 + exp
 
r  R0  RP =
p
4  RT =
p
4
a
!
+
X
T ;P
"
3ZPZT e
2
(2T + 1)
RTT
rT+1
Tp
4
+
3ZPZT e
2
(2P + 1)
RPP
rP+1
Pp
4
#

hp
nn;m+1 +
p
n+ 1n;m 1
i
  VN(r)n;m (2.75)
where () and j()i are the eigenvalues and the eigenvectors for the operators
O^P (T ), respectively. This formalism will applied in the analyses of the quasi-
elastic scattering at backward angles in Chapters 3 and 4.
In the previous section, we have shown that the dimension of the coupled-
channels equations can be drastically reduced when the no-Coriolis approxima-
tion is employed. One can accomplish a further reduction by introducing the
n-phonon channels [10, 27, 36]. The multi-phonon states generally have several
levels at the same energy and they are distinguished from each other by the an-
gular momentum and seniority [37]. As an example, for the quadrupole surface
vibrations, the two-phonon triplet is degenerate in the excitation energy. The
coupling to all members of the two-phonon triplet can therefore be replaced by
the coupling to a single state given by
j2i =
X
I=0;2;4
h2020jI0ijI0i = 1p
2!

ay20
2
j0i: (2.76)
Similarly, one can introduce the n-phonon channel for a general multipolarity
 as
jni = 1p
n!

ay0
n
j0i: (2.77)
If we truncate at the two-phonon states, the operator O^ of Eq. (2.59) corre-
sponds to the matrix elements which are given by
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Omn =
1p
4
0BBBB@
0  0
 0
p
2
0
p
2 0
1CCCCA : (2.78)
2.5.2 Rotational coupling
Nuclear Coupling
Here, we will look into the couplings to a ground state rotational band of
the target nucleus. It is convenient to discuss them in the body xed frame
where the z-axis is along the orientation of the deformed target. The surface
coordinate  is then transformed to
 =
X
0
D0(d; d; d)a0 ; (2.79)
where d, d, d are the Euler angles which describe the orientation of the target.
If one considers a permanently deformed nucleus with the axial symmetry is
about the body-xed axis (z-direction), the deformation parameter a have
the form
a = 0; (2.80)
where  is a constant which species the static deformation of the nucleus. In
the space xed frame we have
 = D

0(d; d; d): (2.81)
Using Eqs. (2.52), (2.79) and (2.80), we have
R(; ) = RT
 
1 +
X

r
4
2+ 1
Y(d; d)Y

(r^)
!
: (2.82)
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In getting Eq. (2.82), we have used the identity
DLM0(; ; ) =
r
4
2+ 1
Y LM(; ): (2.83)
In the rotating frame, Eq. (2.82) becomes
R(; ) = RT
 
1 +
X

Y0()
!
: (2.84)
Using this equation, the nuclear coupling has a similar form as Eq. (2.58) with
V
coup(rot)
N (r; O^) =
 V0
1 + exp
h
(r  R0  RT O^)=a
i : (2.85)
However, the dynamical operator O^ is now given by
O^ =
X

Y0(): (2.86)
Now we need to know the matrix elements of the operator O^ between the
jni = jI0i and jmi = jI 00i states of the ground states rotational band for the
target nucleus, and are given as
OII0 =
X


r
(2+ 1)(2I + 1)(2I 0 + 1)
4
0B@ I  I 0
0 0 0
1CA
2
: (2.87)
This matrix is diagonalized to determine its eigenvalues and eigenvectors.
Again, the nuclear matrix elements are evaluated in the same way as Eq. (2.62).
Hence, the matrix elements of Eq. (2.85) are calculated as
V Nnm(r) = hI 00jV coup(rot)N jI0i   VN(r)I0;I
=
X

hI 00jihjI0i  V0
1 + exp[(r  R0  RT)=a]
 VN(r)I0;I ; (2.88)
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where  and ji are the eigenvalue and the eigenvector of the operator O^ in
Eq. (2.86), respectively. As before, we introduce the last term in Eq. (2.88) in
order to avoid double counting of the diagonal components.
Coulomb coupling
For the Coulomb interaction, the coupling component is given by [see Eq.
(2.69)]
V
coup(rot)
C (r; O^) =
X

3ZPZT e
2
2+ 1
RT
r+1
O^ (2.89)
with the operator O^ is given by Eq. (2.86).
Using Eq. (2.87), the matrix elements for the rotational coupling potential
of Eq. (2.89) reads
V Cnm(r) = hI 00jV coup(rot)C jI0i
=
X


3ZPZT e
2
2+ 1
RT
r+1
r
(2+ 1)(2I + 1)(2I 0 + 1)
4

0B@ I  I 0
0 0 0
1CA
2
: (2.90)
As usual, the total coupling matrix elements are the sum of the nuclear [Eq.
(2.88)] and Coulomb [Eq. (2.90)] coupling matrix elements.
To explain the dierence between the vibrational and the rotational cou-
plings, let us consider a system coupled to a ground state rotational band up
to 2+ state of the target nucleus which has a quadrupole deformation 2. The
wave function for the jI0i state in the ground state rotational band is given by
jI0i = YI0. Thus, the matrix elements of the operator in Eq. (2.87) is given by
Oij =
1p
4
0B@ 0 2
2 2
p
52=7
1CA : (2.91)
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In obtaining this matrix elements, we truncate the ground states of the rota-
tional bands up to 2+ state. One of the main dierences between the rotational
coupling matrix [Eq. (2.91)] and the vibrational coupling matrix [Eq. (2.78)]
is that the former has a diagonal component which is proportional to the de-
formation parameter 2. This is known as the 'reorientation eect '. This eect
has been used in the Coulomb excitation experiment in order to determine the
sign of the deformation parameter [39].
2.6 Scaling property
The scaling property is mainly used in order to extract barrier distributions
from quasi-elastic scattering experimental data [2,3]. This scaling property will
also be used in our analyses since the available experimental data and Coulomb
barrier heights that are used in this thesis require the calculations to be scaled
accordingly.
In order to properly interpret transmission and reection probabilities by the
potential barrier as fusion and scattering, respectively, the collision should occur
at an angle  = 180 (i.e. head-on collision). In a real experiment, it is basically
impossible to measure the scattered elastic function at angle  = 180. One of
the advantages of quasi-elastic scattering over fusion is that dierent scattering
angles correspond to dierent angular momenta. This means that one can
correct the eect of angular momentum by shifting the energy by an amount
equal to the centrifugal potential. By estimating the centrifugal potential at
the Coulomb turning point rC , the eective energy is given by [2, 3]
Ee  E   
2
C~2
2r2C
= 2E
sin(=2)
1 + sin(=2)
; (2.92)
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where the denition of rC with
E =
ZPZT e
2
rC
+
2C~2
2r2C
(2.93)
has been used. C is the angular momentum and is given by C =  cot(=2),
where  is the Sommerfeld parameter. One can therefore expect that the func-
tion del=dR (which is the ratio of the elastic to the Rutherford cross section)
evaluated at an angle  with energy E corresponds to the same function eval-
uated at scattering angle of 180 with eective energy given by Eq. (2.92).
Figure 2.6: Comparison of the del=dR evaluated at two dierent angles for
16O+154Sm reaction. The solid line is for  = , while the dotted line is for  = 160.
The dashed line is the same as the dotted line, but the energy is shifted by an amount
equals to the centrifugal potential evaluated at the distance of the closest approach
of the Rutherford trajectory. Taken from Hagino and Rowley [3].
In order to check the validity of the scaling property of quasi-elastic scatter-
ing, we compare the function del=dR for
16O+154Sm system obtained at two
dierent scattering angles (see Fig. 2.6). The solid line is evaluated at  = ,
while the dotted line is evaluated at  = 160. The dashed line is the same as
the dotted line, but the energy is shifted by Ee   E. It can be seen that the
scaling works very well at energies both below and above the Coulomb barrier
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Figure 2.7: The same as Fig 2.6 but for  = 140. Taken from Hagino and Row-
ley [3].
height.
However, if one uses a smaller scattering angle, the scaling becomes less
good. This can be seen in Fig. 2.7 where the dashed line shows the scaling
property for  = 140. Therefore, in planning the experiment (especially if
it combines data taken by detectors at dierent angles), this eect should be
carefully taken into consideration. Besides, it is well known that the elastic cross
section would display the Fresnel oscillation at smaller angles. It is important to
minimize the eect of the Fresnel oscillation by choosing appropriate detector
angles.
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Chapter 3
Analysis of the nuclear potential
for heavy-ion systems through
large-angle quasi-elastic
scattering at deep sub-barrier
energies
3.1 Introduction
In Chapter 1, we have discussed that large-angle quasi-elastic scattering is a
suitable method to study the nuclear potential. Recently, several studies have
been done to investigate the nuclear potential (in particular the surface diuse-
ness parameter) for heavy-ion systems through large-angle quasi-elastic scat-
tering [11{13].
Nuclear potential of the Woods-Saxon form [see Eq. (2.3)], which is de-
scribed by the potential depth V0, the radius parameter r0, and the diuseness
parameter a, is widely used in the analyses of nuclear collisions. Throughout
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this thesis, we assume that the nuclear potential has a Woods-Saxon form. As
shown in Section 2.1, the diuseness parameter determines the characteristic of
the nuclear potential at the surface region. A diuseness parameter of around
0.63 fm is widely accepted [40]. This has been supported by recent studies such
as by Gasques et al. [11] and Evers et al. [13], where both studies performed
analyses on the diuseness parameter using the experimental data of large-angle
quasi-elastic scattering. However, relatively higher diuseness parameters are
required in order to t fusion data, as shown by Newton et al. [7] for example.
The cause of the discrepancy is still not well understood.
At deep sub-barrier energies, channel couplings weakly inuence a nucleus-
nucleus collision. Thus, channel couplings can be justiably omitted in the
analyses at deep sub-barrier energies. According to Gasques et al. [11], this is
true only for spherical collision systems. All of our studied systems here are
spherical. Therefore, neglecting channel couplings at deep sub-barrier energies
should be acceptable. The main advantage of performing analyses at deep
sub-barrier energies is that the calculations are greatly simplied since channel
couplings can be neglected. This, in turn, could avoid numerical instabilities in
the calculations that would aect the accuracy of the analyses.
Washiyama et al. [12] has pointed out that at deep sub-barrier energies,
deviation of the elastic cross sections from the Rutherford cross sections at
backward angles is sensitive to the surface region of the nuclear potential, par-
ticularly to the surface diuseness parameter. Thus, an accurate value of the
diuseness parameter could be determined by using large-angle quasi-elastic
scattering experimental data at deep sub-barrier energies. However, this could
also represent a drawback since small errors or uncertainties in the experimental
data could aect the deduced value of the diuseness parameter signicantly.
Nonetheless, it is certainly attractive and advantageous to study the nuclear
potential through large-angle quasi-elastic scattering at deep sub-barrier ener-
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gies.
In this chapter, we investigate the nuclear potential, in particular the dif-
fuseness parameter, for some heavy-ion systems, namely 48Ti, 54Cr, 56Fe, 64Ni,
and 70Zn + 208Pb systems through large-angle quasi-elastic scattering at deep
sub-barrier energies. The procedures of the analysis are explained in Section
3.2. The results and subsequent discussion are presented in Sections 3.3 and
3.4, respectively. The study is then summarized in Section 3.5.
3.2 Procedures
The calculations are performed using cqel [41], which is a modied version
of the computer code ccfull [10]. Washiyama et al. [12] dened a deep sub-
barrier energy region as the region with dqel=dR  0:94 , where dqel=dR is
the ratio of the quasi-elastic to the Rutherford cross sections. Here, we also use
the same denition.
As shown later in Section 3.3, relatively low values of the diuseness param-
eter are needed in order to analyze the experimental data at deep sub-barrier
energies. Low values of the diuseness parameter would produce signicant
numerical instabilities in the calculations when channel couplings are taken
into account, which is unwanted. More importantly, since channel couplings
can be neglected at deep sub-barrier energies, we only perform single-channel
calculations for the analyses at deep sub-barrier energies.
In order to nd the best tted value of the diuseness parameter in compar-
ison with the experimental data, the chi square method 2 is used. The exper-
imental data are taken from Mitsuoka et al. [21]. The data with dqel=dR > 1
are excluded from the tting procedures, but included in the gures for com-
pleteness. This is because theoretically, it is clear that dqel=dR cannot be
larger than unity.
In our calculations, the nuclear potential has a real and an imaginary com-
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ponents. Both components are assumed to have Woods-Saxon forms. The
purpose of the imaginary component is to simulate the compound nucleus for-
mation. We use an imaginary potential with a potential depth of 30 MeV, a
radius parameter of 1.0 fm, and a diuseness parameter of 0.3 fm. The calcula-
tions are insensitive to the imaginary parameters provided that the imaginary
potential is conned inside the Coulomb barrier. For the real part of the nuclear
potential, the radius parameter r0 is taken to be 1.22 fm. The value of potential
depth V0 depends on the diuseness parameter such that the Coulomb barrier
height VB for each system is reproduced. The calculations are carried out at
scattering angle of c:m: = 170
. The radii of the target and projectile are taken
as RT = rTA
1=3
T and RP = rPA
1=3
P , respectively, where rT and rP are taken
to be 1.2 fm in order to be consistent with the deformation parameters taken
from Kibedi and Spears [42], and Raman et al. [43]. In order to ensure that the
calculations are properly scaled according to the available experimental data,
the calculated ratio of the quasi-elastic to the Rutherford cross sections are
analyzed and plotted as functions of eective energies [2, 3], as explained in
Section 2.6.
Even though coupled-channels calculations are not employed in determining
the best tted diuseness parameters at deep sub-barrier energies, they are used
in order to investigate the eects of some calculational inputs on the resulting
diuseness parameters. In order to perform coupled-channels calculations, the
excited states of the colliding nuclei must be considered. The properties of the
single-phonon excitation and the deformation parameter for each nucleus are
shown in Table 3.1, which are taken from Kibedi and Spears [42], and Raman
et al. [43].
Table 3.2 shows the coupling scheme used in the coupled-channels calcula-
tions and the Coulomb barrier height for each system. For 54Cr, 56Fe, and 64Ni
+ 208Pb systems, we use triple-quadrupole phonon and triple-octupole phonon
39
Table 3.1: The properties of the single-phonon excitation for each nucleus. I,
, ~!, and  are the angular momentum, parity, excitation energy and dynamical
deformation parameter of the phonon state, respectively. The properties for 208Pb
are taken from Kibedi and Spears [42], while the properties for 48Ti, 54Cr, 56Fe, 64Ni,
and 70Zn are taken from Raman et al. [43].
Nucleus I ~! (MeV) 
208Pb 3  2.164 0.110
48Ti 2+ 0.983 0.269
54Cr 2+ 0.834 0.250
56Fe 2+ 0.846 0.239
64Ni 2+ 1.346 0.179
70Zn 2+ 0.884 0.228
excitations in the projectiles and the targets, respectively. As found by Muham-
mad Zamrun F. and Abu Kassim [44] for 54Cr + 208Pb system, we nd that
the mentioned coupling scheme ts the experimental data better than double-
quadrupole phonon excitations in the projectiles and triple-octupole phonon
excitations in the targets as found by Muhammad Zamrun F. et al. [45]. For
48Ti + 208Pb and 70Zn + 208Pb systems, the coupling schemes are taken to be
same as found by Muhammad Zamrun F. et al. [45].
Table 3.2: The coupling scheme used in coupled-channels calculations and the
Coulomb barrier height VB for each system (taken from Muhammad Zamrun F. et
al. [45]). For the coupling scheme, nP represents the number of quadrupole phonon
excitation in the projectile, while nT represents the number of octupole phonon ex-
citation in the target.
System Coupling scheme [nP ,nT ] VB (MeV)
48Ti + 208Pb [1,3] 190.50
54Cr + 208Pb [3,3] 205.50
56Fe + 208Pb [3,3] 222.50
64Ni + 208Pb [3,3] 236.25
70Zn + 208Pb [2,3] 249.30
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3.3 Results
48Ti + 208Pb system
The best tted value of the diuseness parameter for 48Ti + 208Pb system ob-
tained through a single-channel calculation is 0.40 fm. The calculated ratio of
the quasi-elastic to the Rutherford cross sections for 48Ti + 208Pb system using
a = 0:40 fm is shown by the solid line in Fig. 3.1. The 2 value for the best
tted diuseness parameter in comparison with the experimental data is 0.20.
The Coulomb barrier height for 48Ti + 208Pb system is 190.5 MeV [45] and the
potential depth V0 that is required to reproduce the Coulomb barrier height is
303.5 MeV. It is clear that the best tted diuseness parameter is rather low
compared to the standard value of around 0.63 fm.
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Figure 3.1: The ratio of the quasi-elastic to the Rutherford cross sections for
48Ti + 208Pb system at deep sub-barrier energies. The experimental data (taken
from Mitsuoka et al. [21]) with dqel=dR  0:94 are shown and denoted by dots
with error bars. The best tted diuseness parameter is 0.40 fm, and shown by the
solid line. The calculation using a = 0:50 fm is shown for comparison.
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54Cr + 208Pb system
For 54Cr + 208Pb system, the best tted diuseness parameter obtained through
a single-channel calculation is 0.56 fm. The best tted diuseness parameter
can be considered to be in a good agreement with the standard value. The 2
value for a = 0:56 fm in comparison with the experimental data is 0.18. The
required potential depth V0 to reproduce the Coulomb barrier height is 114.5
MeV. The calculated ratio of the quasi-elastic to the Rutherford cross sections
for 54Cr + 208Pb system using a = 0:56 fm is shown by the solid line in Fig.
3.2.
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Figure 3.2: The ratio of the quasi-elastic to the Rutherford cross sections for
54Cr + 208Pb system at deep sub-barrier energies. The experimental data (taken
from Mitsuoka et al. [21]) with dqel=dR  0:94 are shown and denoted by dots
with error bars. The best tted diuseness parameter is 0.56 fm, and shown by the
solid line. The calculation using a = 0:65 fm is shown for comparison.
56Fe + 208Pb system
The best tted diuseness parameter for 56Fe + 208Pb system using a single-
channel procedure is 0.38 fm, with 2 = 0:17. The plot for the best tted
diuseness parameter is shown by the solid line in Fig. 3.3. The obtained
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diuseness parameter is considerably lower than the standard value. The po-
tential depth V0 that is required to reproduce the Coulomb barrier height is
355.5 MeV.
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Figure 3.3: The ratio of the quasi-elastic to the Rutherford cross sections for
56Fe + 208Pb system at deep sub-barrier energies. The experimental data (taken
from Mitsuoka et al. [21]) with dqel=dR  0:94 and 0:94 > dqel=dR  0:90 are
denoted by dots and triangles with error bars, respectively. The best tted diuseness
parameters when tting using the data with dqel=dR  0:94 and dqel=dR  0:90
are 0.38 fm and 0.49 fm, respectively, shown by the solid line and the dashed line,
respectively.
It can be seen in Fig. 3.3 that there are only four data points available when
the analysis is performed using the experimental data with dqel=dR  0:94.
If we include the experimental data with dqel=dR  0:90 in the tting, the
best tted diuseness parameter obtained using a single-channel calculation is
0.49 fm, with 2 = 0:76 and V0 = 156 MeV in order to reproduce the Coulomb
barrier height. This is shown by the dashed line in Fig. 3.3. This value of
diuseness parameter is still quite low compared to the standard value.
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64Ni + 208Pb system
For 64Ni + 208Pb system, the best tted diuseness parameter obtained using
a single-channel calculation is 0.32 fm. This value is signicantly lower than
the standard value. The 2 value for the best tted diuseness parameter in
comparison with the experimental data is 0.06. The potential depth V0 that is
required in order to reproduce the Coulomb barrier height is 752 MeV, which
is relatively high. The calculated ratio of the quasi-elastic to the Rutherford
cross sections for the best tted diuseness parameter is shown by the solid line
in Fig. 3.4.
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Figure 3.4: The ratio of the quasi-elastic to the Rutherford cross sections for
64Ni + 208Pb system at deep sub-barrier energies. The experimental data (taken
from Mitsuoka et al. [21]) with dqel=dR  0:94 are shown and denoted by dots
with error bars. The best tted diuseness parameter is 0.32 fm, denoted by the
solid line. The calculation using a = 0:50 fm is shown for comparison.
70Zn + 208Pb system
For 70Zn + 208Pb system, the best tted diuseness parameter obtained
through a single-channel calculation is 0.42 fm, shown by the solid line in Fig.
3.5. This value is considerably lower than the standard value. The value of 2
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in comparison with the experimental data is 0.48. The potential depth V0 that
is required to reproduce the barrier height is 302.5 MeV.
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Figure 3.5: The ratio of the quasi-elastic to the Rutherford cross sections for
70Zn + 208Pb system at deep sub-barrier energies. The experimental data (taken
from Mitsuoka et al. [21]) with dqel=dR  0:94 are shown and denoted by dots
with error bars. The best tted diuseness parameter is 0.42 fm, denoted by the
solid line. The calculation using a = 0:55 fm is shown for comparison.
3.4 Discussion
Figure 3.6 below summarizes the best tted diuseness parameters obtained at
sub-barrier energies as functions of charge products of the target and projectile.
For 56Fe + 208Pb system, the best tted diuseness parameter obtained using
the experimental data with dqel=dR  0:94 is accepted, even though there are
only four data points available. This is because channel couplings might be re-
quired in order to analyze the experimental data with 0:94 > dqel=dR  0:90.
It can be seen from Fig. 3.6 that the best tted diuseness parameters
obtained at deep sub-barrier energies for all of the studied systems are consid-
erably lower than the standard value of around 0.63 fm, except for 56Cr + 208Pb
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Figure 3.6: The best tted diuseness parameters obtained at deep sub-barrier
energies as functions of charge products of the target and projectile ZTZP . The
dashed line indicates a = 0:63 fm.
system, where the best tted diuseness parameter can be considered to be in a
satisfactory agreement with (but still lower than the) the standard value. From
Fig. 3.6, it is also dicult to deduce if there is any relationship between the
best tted diuseness parameter obtained at deep sub-barrier energies and the
charge product of the target and projectile.
Eect of Coulomb barrier height
In order to nd the cause for the low values of the diuseness parameter, the
eects of inputs need to be investigated. According to Washiyama et al. [12],
a slightly higher Coulomb barrier height would lead to a very small increase
in the best tted diuseness parameter. We also investigate regarding this
matter and nd the same conclusion. To illustrate this, Figs. 3.7 and 3.8
compare the best tted diuseness parameters at deep sub-barrier energies for
48Ti, and 64Ni + 208Pb systems using VB = 190:5 MeV and VB = 236:25 MeV
as originally used, respectively, with VB = 191:5 MeV and VB = 237:25 MeV,
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respectively. For increases of 1 MeV in the barrier height from the values that
are originally used, the best tted diuseness parameters increase by 0.02 fm, to
a = 0:42 fm and a = 0:34 fm for 48Ti, and 64Ni + 208Pb systems, respectively.
The reason for this can be easily understood, where a slight increase or decrease
in the barrier height would slightly shift the line of the original best tted
diuseness parameter from the best tted line. Hence, a slightly higher or
lower diuseness parameter is required to compensate this. Therefore, slight
variations or uncertainties in the values of the barrier height can be dismissed
as a cause for the low values of the diuseness parameter obtained at deep
sub-barrier energies.
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Figure 3.7: Comparison of the ratio of the quasi-elastic to the Rutherford cross sec-
tions at deep sub-barrier energies for 48Ti + 208Pb system using two dierent values
of the Coulomb barrier height VB. When VB = 190:5 MeV and VB = 191:5 MeV are
used, the best tted diuseness parameters are 0.40 fm and 0.42 fm, respectively.
Eect of rT and rP
According to Gasques et al. [11], a higher value of the target radius parameter
rT would lead to a higher best tted diuseness parameter for a deformed sys-
tem, but has a negligible eect on a spherical system. We check and nd that
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Figure 3.8: Comparison of the ratio of the quasi-elastic to the Rutherford cross sec-
tions at deep sub-barrier energies for 64Ni + 208Pb system using two dierent values
of the Coulomb barrier height VB. When VB = 236:25 MeV and VB = 237:25 MeV
are used, the best tted diuseness parameters are 0.32 fm and 0.34 fm, respectively.
the eect of increasing the target radius parameters rT and/or the projectile
radius parameter rP on the calculated quasi-elastic cross sections is negligible
when using single-channel calculations. This is illustrated by Fig. 3.9, where
the two calculations using two dierent values of the rT and rP are basically
indistinguishable. This is comprehensible since changing the rT and the rP ,
which would change the radii of the colliding nuclei, mainly aect the defor-
mation parameters  [see Eq. (2.55)], which are not used in single-channel
calculations. An increase in the radii of the colliding nuclei alone basically
does not aect the calculated cross sections as long as the mass and the atomic
numbers of the colliding nuclei are still the same.
In order to make a more comprehensive study on the eects of the rT and
the rP on the deduced diuseness parameters, we vary the rT and the rP using
coupled-channels calculations. The ranges of the rT and the rP are generally
likely to lie between 1.06 fm and 1.2 fm [11].
Figures 3.10 to 3.14 show comparisons between the calculated ratios of the
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Figure 3.9: The calculated ratio of the quasi-elastic to the Rutherford cross sec-
tions at deep sub-barrier energies for 48Ti + 208Pb system using rT = rP = 1:2 fm
(solid line) and rT = rP = 1:3 fm (dashed line). The calculations are performed using
single-channel procedures, with a = 0:63 fm. The two calculations are indistinguish-
able.
quasi-elastic to the Rutherford cross sections for all of the studied systems
using rT = rP = 1:2 fm and rT = rP = 1:3 fm (which is quite well above the
mentioned range). All of the calculations are performed using a = 0:63 fm and
the coupling schemes as shown in Table 3.2. When using rT = rP = 1:3 fm, the
deformation parameters are modied according to Eq. (2.55), with 2 for
48Ti,
54Cr, 56Fe, 64Ni, and 70Zn are 0.229, 0.213, 0.204, 0.153, and 0.194, respectively,
while 3 = 0:087 for
208Pb.
It can be seen from Figs. 3.10 to 3.14 that increasing the rT and the rP from
1.2 fm to 1.3 fm would give small increases in the calculated quasi-elastic cross
sections at deep sub-barrier energies for all of the studied systems when coupled-
channels calculations are used, particularly at the highest energies of the deep
sub-barrier region. It is known that the rT and rP aect the deformation
parameters, which, in turn, aect channel couplings. Since channel couplings
are weak at deep sub-barrier energies, the eects of varying the rT and rP on
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Figure 3.10: Comparison between the calculated ratio of the quasi-elastic to the
Rutherford cross sections at deep sub-barrier energies for 48Ti + 208Pb system using
rT = rP = 1:3 fm (dashed line) and rT = rP = 1:2 fm (solid line). The calculations
are performed using a = 0:63 fm and coupled-channels procedures with the coupling
scheme as in Table 3.2.
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Figure 3.11: The same as Fig. 3.9 but for 54Cr + 208Pb system.
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Figure 3.12: The same as Fig. 3.9 but for 56Fe + 208Pb system.
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Figure 3.13: The same as Fig. 3.9 but for 64Ni + 208Pb system.
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Figure 3.14: The same as Fig. 3.9 but for 70Zn + 208Pb system.
the calculated quasi-elastic cross sections are small at those energies.
Since increasing the rT and rP increases the calculated quasi-elastic cross
sections when coupled-channels calculations are used, this would in turn in-
crease the best tted diuseness parameters. In order to explicitly see the
eect of varying the rT and rP on the deduced diuseness parameters at deep
sub-barrier energies, we try to nd the best tted diuseness parameter for
48Ti + 208Pb system at deep sub-barrier energies using rT = rP = 1:3 fm and
coupled-channels calculations. It is found that the best tted parameter is still
lower than 0.41 fm. The 2 values for diuseness parameters lower than 0.41
fm cannot be properly determined since the calculations with diuseness pa-
rameters lower than 0.41 fm produce signicant numerical instabilities when
channel couplings are introduced.
It is not surprising the best tted diuseness parameter obtained using
rT = rP = 1:3 fm and a coupled-channels calculation is approximately the same
as the best tted diuseness parameter obtained using rT = rP = 1:2 fm and a
single-channel calculation. This is because increases in the quasi-elastic cross
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sections at deep sub-barrier energies when using larger rT and rP can only be
achieved through coupled-channels calculations. However, a coupled-channels
calculation would produce slightly lower quasi-elastic cross sections than a
single-channel calculation for the same rT and rP . Therefore, the eects of
using the channel couplings and using higher rT and rP on the calculated quasi-
elastic cross sections at deep sub-barrier energies basically cancel out each other.
Figure 3.15 shows a comparison between single-channel and coupled-channels
calculations for 48Ti + 208Pb system at deep sub-barrier energies. It can be seen
that for the same inputs, the eect of channel couplings is to slightly reduce
the quasi-elastic cross sections at deep sub-barrier energies.
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Figure 3.15: Comparison between the calculated ratio of the quasi-elastic to the
Rutherford cross sections at deep sub-barrier energies for 48Ti + 208Pb system using
single-channel and coupled-channels calculations. Both calculations are performed
using the same inputs with a = 0:63 fm, and rT = rP = 1:2 fm. The coupled-channel
calculation uses the coupling scheme as in Table 3.2.
Furthermore, the ranges of the rT and the rP are generally likely to lie
between 1.06 fm and 1.2 fm [11]. So, the value that is used here (which is 1.2
fm) can be considered to be relatively high. Hence, it is unlikely that the values
of the rT and rP that are used in this study contribute to the relatively low
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values of the diuseness parameter obtained at deep sub-barrier energies.
S~ao Paulo potential
From the results, it seems that there is an eect that is not considered in a
typical nucleus-nucleus collision (and also in our study here) that could be the
reason for the diuseness parameters at deep sub-barrier energies to appear
considerably lower than the standard value in general. It was shown that the
eect of Pauli nonlocality would make the nuclear potential to be energy de-
pendent [46{48], which might explain the relatively low diuseness parameters
obtained at deep sub-barrier energies. For nucleus-nucleus collisions, the nu-
clear potential due to Pauli nonlocality (called the S~ao Paulo potential VS P )
is given by [46{48]
VS P (r;E) = VF (r) expf %[E   VC(r)  VS P (r;E)]g; (3.1)
where VF is the nuclear potential without the eect of Pauli nonlocality, VC
is the Coulomb potential, E is the relative motion energy, and % is a system-
dependent constant.
For heavy-ion systems, the S~ao Paulo potential should be negligible at near-
barrier energies since E  VC(RB)+VS P (RB) [48], (where RB is the location of
the barrier height) and % is very small [47]. From rst impression, it seems that
the results of this study are negligibly aected by the eect of Pauli nonlocality.
However, let us still consider this eect. In order to employ the nuclear
potential of Eq. (3.1), we need the values of % for our studied systems, which
we do not know. For heavy-ion systems, when VC+VS P is small in comparison
with E, we can expand Eq. (3.1) and write [47]
VS P (r;E)  VF (r)[1  %E]: (3.2)
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From Eq. (3.2), Chamon et al. [47] showed that
VS P (r;E) = VF (r)

1  Elab
AP

; (3.3)
where  is a system-independent constant equals to 0.0086 MeV 1. Equation
(3.3) enables us to explicitly investigate the eect of Pauli nonlocality in our
study. A quick check for 56Fe + 208Pb system at E = 212 MeV (Elab = 269
MeV) gives VS P = 0:96VF . It is important to remember that in this present
study, the actual VS P should be less energy dependent than Eq. (3.3) since
VC + VS P is not small compared to E. Hence, the actual ratio of VS P=VF for
56Fe + 208Pb system at E = 212 MeV should be larger than 0.96 (i.e. closer to
1).
In order to explicitly see whether the nuclear potential based on Pauli non-
locality can explain our results or not, we replace the Woods-Saxon potential
[Eq. (2.3)] with the S~ao Paulo potential [Eq. (3.3)] in our calculations. The VF
should basically be the double folding potential. However, in order to serve our
purpose which is to study the nuclear potential in the Woods-Saxon form, we
use the Woods-Saxon form for the VF in our calculations. Therefore, the S~ao
Paulo potential used in our calculations reads
VS P (r;E) =
 V0(1  Elab=AP )
1 + exp [(r  R0)=a] : (3.4)
As usual, the barrier height must be reproduced in the calculations. Hence,
for the same diuseness parameter, the V0 when using the S~ao Paulo potential
[Eq. (3.4)] is higher than the V0 when using purely the Woods-Saxon potential
[Eq. (2.3)]. For example, for a = 0:59 fm, the S~ao Paulo potential requires
V0 = 108:3 MeV while the Woods-Saxon potential requires V0 = 103:6 MeV.
Figure 3.16 shows the results of our calculations for 56Fe + 208Pb system
at deep sub-barrier energies. The dierences between the quasi-elastic cross
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sections obtained using the S~ao Paulo potential and the Woods-Saxon potential
for the same diuseness parameter are very small. If all the plots in Fig. 3.16 are
shown by lines, it is hard to distinguish between the plots using the S~ao Paulo
potential and the Woods-Saxon potential for the same diuseness parameter.
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Figure 3.16: Same as Fig. 3.3. W-S and S-P denote the Woods Saxon potential
[Eq. (2.3)] and the S~ao Paulo potential [Eq. (3.4)], respectively. The plots using
the Woods-Saxon potential (solid and dotted lines) are the same as in Fig. 3.3. The
plots using the S~ao Paulo potential shown by squares and triangles are obtained using
single-channel calculations with a = 0:38 fm and a = 0:49 fm, respectively.
If the eect of Pauli nonlocality is able to explain the relatively low dif-
fuseness parameter obtained at deep sub-barrier energies, then the best tted
diuseness parameter should be consistent with the standard value when us-
ing the VS P [Eq. (3.4)]. However, we show that the VS P still produces a
best tted diuseness parameter that is considerably lower than the standard
value (practically the same as the best tted diuseness parameter when using
purely the Woods-Saxon potential). In conclusion, we demonstrate that the ef-
fect of Pauli nonlocality is clearly negligible in the analyses at deep sub-barrier
energies.
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Eect of threshold anomaly
One of the well-known phenomena in the scattering of heavy-ions is the thresh-
old anomaly [49]. This phenomenon is related to the variation of the real part of
the nuclear potential due to a dispersion relation that arises from the causality
principle [50,51]. The dispersion relation takes the form [50,51]
VN(r;E) =
P

Z 1
0
WN(r;E
0)
E 0   E dE
0; (3.5)
where P denotes the \principal value", WN is the imaginary part of the nuclear
potential, and VN is the real part of the nuclear potential that depends on
the imaginary part. The total real part of the nuclear potential can then be
written as
VN(r;E) = VU(r;E) + VN(r;E); (3.6)
where VU is the real component that varies at most slowly with energies E [50].
Hence, VU can be regarded to be independent of E [49].
It is interesting to see whether the eect of threshold anomaly can account
for the relatively low values of the diuseness parameter obtained at deep sub-
barrier energies. If the eect of threshold anomaly is present and inuences
the studied collisions, then the nuclear potentials obtained from the ttings of
experimental data are equivalent to the potential on the left hand side of Eq.
(3.6) [i.e.VN(r;E)]. For the nuclear potential obtained through the tting of
experimental data, we can say that the energy E in Eq. (3.6) is the average
energy of the experimental data points that are used in the tting. Let us write
the nuclear potential obtained at deep sub-barrier energies VN(deep) as
VN(deep) = VU +VN(deep); (3.7)
where VN(deep) is the VN at the deep sub-barrier region, and VU is the original
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nuclear potential that is not aected by the threshold anomaly.
Unfortunately, we do not have the experimental data to determine WN as a
function of energy. Thus, the absolute value of VN(deep) cannot be determined.
However, if jWN j (where WN  0) rises rapidly as a function of energy over
some energy range, the contribution to VN will be attractive (VN < 0) in
that same energy range [50]. For all nucleus-nucleus collisions, it is natural
to think that jWN j (where WN  0) denitely rises from (almost) zero at
energies well below the barrier height to some value at energies in the vicinity
of the barrier height, and this value of jWN j is approximately maintained for
all energies above the barrier height. This behavior of WN has been shown by
many studies [49, 50, 52, 53]. Therefore, generally speaking, the integral of Eq.
(3.5) makes the VN to be negative (attractive) since WN  0.
Furthermore, the dispersion relation makes the modulus of the real part of
the nuclear potential to have a bell-shaped maximum in vicinity of the Coulomb
barrier height [49,50,52,53]. Hence, the contribution by the dispersion relation
to VN at E = VB should be stronger (more negative) than the contribution
at deep sub-barrier energies VN(deep).
Since VN(deep) should be attractive (VN(deep) < 0), from Eq. (3.7), we
can generally write
VN(deep)   VU  0: (3.8)
where less than zero and equals to zero indicate the presence and the absence
of the threshold anomaly at deep sub-barrier energies, respectively.
Now, let us use the result of 56Fe + 208Pb system to illustrate our discussion.
Using the best tted diuseness parameter and the required potential depth to
reproduce the barrier height (as obtained from the result in Section 3.3), we
can write the best tted nuclear potential at deep sub-barrier energies as
Vdeep(r) =   355:5
1 + exp[(r   11:9 fm)=0:38 fm] MeV: (3.9)
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In order to explain the relatively low diuseness parameter obtained at deep
sub-barrier energies, our aim is to see that the VU has a diuseness parameter
that agrees with the standard value. Let us say that the VU has a = 0:63 fm, and
the required potential depth to reproduce the barrier height for 56Fe + 208Pb
system when a = 0:63 fm is 92.85 MeV (without considering the contribution by
the dispersion relation). It is important to notice that if there is a contribution
by the dispersion relation at barrier height energy (i.e. E = VB), the potential
depth should be lower than 92.85 MeV in order to reproduce the barrier height.
For now, let us write the VU for
56Fe + 208Pb system as
VU(r) =   V0
1 + exp[(r   11:9 fm)=0:63 fm] MeV: (3.10)
Let us evaluate the nuclear potentials at r = 14:4 fm, which is approximately
the turning point for the average deep sub-barrier energies of our experimental
data. This gives VN(deep) =  0:49 MeV, and VU =  1:72 MeV when the V0
for Eq. (3.10) is 92.85 MeV. It can be seen that when V0 = 92:85 MeV (i.e.
without considering the contribution by the dispersion relation), the VU of Eq.
(3.10) does not satisfy Eq. (3.8).
However, as mentioned before, the V0 for Eq. (3.10) could be lower than
92.85 MeV due to the contribution by the dispersion relation. For example, if
the threshold anomaly is negligible at deep sub-barrier energies but very strong
at E = VB, Eq. (3.8) can be satised at r = 14:4 fm if the V0 for Eq. (3.10)
is approximately 26.5 MeV. Hence, we show that the threshold anomaly could
explain the relatively low diuseness parameters obtained at deep sub-barrier
energies, or at least make the VU to have a higher diuseness parameter than
the one obtained at deep sub-barrier energies. This is due to the fact that
the contribution by the dispersion relation at E = VB is stronger than the
contribution at deep sub-barrier energies. However, a more detailed analysis
must be done in order to know the actual contribution by the dispersion relation
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for each of the studied system. This is required in order to see whether the
dispersion relation can lead the VU to have a diuseness parameter that agrees
with the standard value or not.
3.5 Summary
The surface diuseness parameters of the nuclear potential for heavy-ion sys-
tems of 48Ti, 54Cr, 56Fe, 64Ni, 70Zn + 208Pb reactions have been studied through
large-angle quasi-elastic scattering at deep sub-barrier energies. It is found that
the diuseness parameters required to t the experimental data at deep sub-
barrier energies are between 0.32 fm and 0.56 fm. The deduced diuseness
parameters for all of the studied systems are clearly signicantly lower than
the standard value of around 0.63 fm, except for 56Cr + 208Pb system, where
the best tted diuseness parameter is in satisfactory agreement with (but still
lower than) the standard value. We also study the eects of some calculational
inputs, the S~ao Paulo potential, and the phenomenon of threshold anomaly on
the deduced diuseness parameters. We nd that the calculational inputs and
the S~ao Paulo potential cannot account for the low values of the diuseness pa-
rameter. However, it is found that the phenomenon of threshold anomaly might
explain the relatively low diuseness parameters obtained at deep sub-barrier
energies.
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Chapter 4
Analysis of the nuclear potential
for heavy-ion systems through
large-angle quasi-elastic
scattering at sub-barrier
energies
4.1 Introduction
In Chapter 3, we found that the diuseness parameter with values considerably
lower than the standard value are required in order to t the experimental data
at deep sub-barrier energies. It is clear that a further investigation is required
in order to understand the nuclear potential for heavy-ion systems.
In order to make a comprehensive study on the diuseness parameter, it
could be important to make comparisons, for example between the deduced
diuseness parameters for dierent charge products of the target and projectile.
In light of this, we will perform a study on the diuseness parameter at energies
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with an upper range that is above the deep sub-barrier region. This would
enable us to check whether low values of the diuseness parameter are also
required at a dierent energy region other than the deep sub-barrier region,
and therefore, would also allow us to see the eect of collision energies on
the deduced diuseness parameter. In order to perform this study, channel
couplings must be considered in the calculations since it involves the ttings of
experimental data at energies above the deep sub-barrier region.
In this chapter, we carry out a study on the nuclear potential, particularly
on the surface diuseness parameter, for 48Ti, 54Cr, 56Fe, 64Ni, and 70Zn +
208Pb systems (i.e. the same systems as in previous chapter) through large-
angle quasi-elastic scattering at sub-barrier energies, which are dened in the
next section. The procedures of the analyses are explained in Section 4.2.
The results and subsequent discussion are presented in Sections 4.3 and 4.4,
respectively. The study is then summarized in Section 4.5.
4.2 Procedures
The calculations are performed using cqel [41], a modied version of the com-
puter code ccfull [10]. As before, we deduce the best tted value of the diuse-
ness parameter in comparison with the experimental data using the chi square
method 2, and the experimental data are taken from Mitsuoka et al. [21].
The inclusion of channel couplings in the calculations creates numerical in-
stabilities in varying degrees, which depend on the inputs. This would aect
the accuracy of the analyses. Using the code, we check and nd that at energies
below the Coulomb barrier height, the quasi-elastic cross sections are less inu-
enced by channel couplings and by dierent coupling schemes compared to the
quasi-elastic cross sections at energies above the barrier height (see Appendix
B). Therefore, in order to serve the purpose and maximize the accuracy of our
analyses, we choose to study the diuseness parameter at energies with an up-
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per range above the deep sub-barrier region, but below the Coulomb barrier
height.
Hence, in this chapter, we perform analyses at what we referred as \sub-
barrier energy region", where all the experimental data up to 3 MeV below the
Coulomb barrier height are considered in the ttings. For each system in this
study, 3 MeV below the barrier height VB approximately corresponds to between
0:98VB to 0:99VB. Both single-channel and coupled-channels calculations are
performed in the analyses at sub-barrier energies. The properties of the single-
phonon excitations, the deformation parameters, and the coupling scheme used
in coupled-channels calculations are as in Tables 3.1 and 3.2 of Section 3.2. As
before, the experimental data with dqel=dR > 1 are excluded from the tting
procedures, but included in the gures for completeness.
As in previous chapter, we use an imaginary potential of the Woods-Saxon
form with a potential depth of 30 MeV, a radius parameter of 1.0 fm, and a
diuseness parameter of 0.3 fm to simulate the compound nucleus formation.
The calculations are insensitive to the imaginary parameters provided that the
imaginary potential is conned inside the Coulomb barrier. For the real part
of the nuclear potential, the radius parameter r0 is taken to be 1.22 fm. The
value of potential depth V0 depends on the diuseness parameter, where the
barrier height VB for each system must be reproduced. The calculations are
carried out at scattering angle of c:m: = 170
. The radii of the target and the
projectile are taken as RT = rTA
1=3
T and RP = rPA
1=3
P , respectively, where rT
and rP are taken to be 1.2 fm in order to be consistent with the deformation
parameters taken from Kibedi and Spears [42], and Raman et al. [43]. As in
previous chapter, we analyze and plot the calculated ratio of the quasi-elastic
to the Rutherford cross sections as functions of eective energies [2, 3].
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4.3 Results
48Ti + 208Pb system
When a single-channel calculation is used, the best tted diuseness parameter
for 48Ti + 208Pb system is 0.66 fm, with 2 = 3:21. The potential depth V0
that is required to reproduce the Coulomb barrier height is 303.5 MeV. The
best tted diuseness parameter is in agreement with the standard value of
around 0.63 fm. The calculated ratio of the quasi-elastic to the Rutherford
cross sections for a = 0:66 fm using a single-channel calculation is shown by
the solid line in Fig. 4.1(a).
However, as mentioned before, channel couplings start to play an important
role at energies above the deep sub-barrier region and therefore should be taken
into account in our analyses here. Using the coupling scheme as shown in Table
3.2, the best tted diuseness parameter obtained through a coupled-channels
calculation is 0.43 fm. This is shown by the solid line in Fig. 4.1(b). The 2
value in comparison with the experimental data is 1.52, and the required poten-
tial depth V0 is 233.5 MeV. The deduced diuseness parameter is considerably
lower than the standard value. However, from the resulting 2 values, the best
tted diuseness parameter obtained using a coupled-channels calculation ts
the experimental data better than the one obtained through a single-channel
calculation. Therefore, the best tted diuseness parameter obtained through a
coupled-channels calculation should be accepted over the one obtained through
a single-channel calculation, which is expected.
54Cr + 208Pb system
For 54Cr + 208Pb system, the best tted diuseness parameter obtained using
a single-channel calculation is 0.80 fm, with 2 = 2:05 and V0 = 69:84 MeV.
The best tted diuseness parameter is signicantly higher than the standard
value. The calculated ratio of the quasi-elastic to the Rutherford cross sections
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Figure 4.1: The ratio of the quasi-elastic to the Rutherford cross sections for
48Ti + 208Pb system at sub-barrier energies. The analyses in (a) the upper and
(b) lower panels are performed using single-channel and coupled-channels calcula-
tions, respectively. The experimental data (taken from Mitsuoka et al. [21]) with
energies up to 3 MeV below the Coulomb barrier height are shown and denoted by
dots with error bars. The best tted diuseness parameters obtained using a single-
channel and a coupled-channels calculations are 0.66 fm and 0.43 fm, respectively.
The single-channel and coupled-channels calculations using a = 0:75 fm and a = 0:65
fm, respectively, are shown for comparison.
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for a = 0:80 fm using a single-channel calculation is shown by the solid line in
Fig. 4.2(a).
When a coupled-channel calculation is used, the best tted diuseness pa-
rameter is 0.63 fm, with 2 = 1:36 and V0 = 91:7 MeV. The best tted
diuseness parameter, which is shown by the solid line in Fig. 4.2(b), is in
agreement with the standard value. Furthermore, the resulting 2 values show
that the best tted diuseness parameter obtained through a coupled-channels
calculation ts the experimental data better than the one obtained through a
single-channel calculation.
56Fe + 208Pb system
Using a single-channel procedure, the best tted diuseness parameter for
56Fe + 208Pb system is 0.76 fm, with 2 = 3:85 and V0 = 74:9 MeV. This
value is a little high compared to the standard value. Figure 4.3(a) shows the
calculated ratio of the quasi-elastic to the Rutherford cross sections for a = 0:76
fm using a single-channel calculation.
The best tted diuseness parameter obtained through a coupled-channels
calculation is 0.59 fm [shown by the solid line in Fig. 4.3(b)], with 2 =
1:66 and V0 = 103:6 MeV. This value is in good agreement with the standard
value. Again, the obtained 2 values show that the best tted diuseness
parameter obtained through a coupled-channels analysis produce a better t to
the experimental data than the one obtained through a single-channel analysis.
64Ni + 208Pb system
The best tted diuseness parameter for 64Ni + 208Pb system obtained through
a single-channel analysis is 0.82 fm, with 2 = 13:28 and V0 = 73:97 MeV. The
deduced diuseness parameter is signicantly higher than the standard value.
The calculated ratio of the quasi-elastic to the Rutherford cross sections for the
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Figure 4.2: The ratio of the quasi-elastic to the Rutherford cross sections for
54Cr + 208Pb system at sub-barrier energies. The analyses in (a) the upper and
(b) lower panels are performed using single-channel and coupled-channels calcula-
tions, respectively. The experimental data (taken from Mitsuoka et al. [21]) with
energies up to 3 MeV below the Coulomb barrier height are shown and denoted by
dots with error bars. The best tted diuseness parameters obtained using a single-
channel and a coupled-channels calculations are 0.80 fm and 0.63 fm, respectively.
The single-channel and coupled-channels calculations using using a = 0:70 fm and
a = 0:55 fm, respectively, are shown for comparison.
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Figure 4.3: The ratio of the quasi-elastic to the Rutherford cross sections for
56Fe + 208Pb system at sub-barrier energies. The analyses in (a) the upper and
(b) lower panels are performed using single-channel and coupled-channels calcula-
tions, respectively. The experimental data (taken from Mitsuoka et al. [21]) with
energies up to 3 MeV below the Coulomb barrier height are shown and denoted by
dots with error bars. The best tted diuseness parameters obtained using a single-
channel and a coupled-channels calculations are 0.76 fm and 0.59 fm, respectively.
The single-channel and coupled-channels calculations using using a = 0:63 fm and
a = 0:70 fm, respectively, are shown for comparison.
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best tted diuseness parameter obtained through a single-channel analysis is
shown by the solid line in Fig. 4.4(a).
When a coupled-channels procedure is employed, the best tted diuseness
parameter is 0.66 fm, which is in agreement with the standard value. The ob-
tained 2 value is 3.99 and the potential depth V0 that is required to reproduce
the barrier height is 89.05 MeV. Figure 4.4(b) shows the calculated ratio of the
quasi-elastic to the Rutherford cross sections for a = 0:66 fm using a coupled-
channels calculation. It can be seen by comparing Fig. 4.4(a) with Fig. 4.4(b)
that the best tted diuseness parameter obtained through a coupled-channels
procedure ts the experimental data better than the best tted diuseness pa-
rameter obtained through a single-channel procedure. This fact is very clearly
indicated by the 2 values obtained from the analyses.
70Zn + 208Pb system
For 70Zn + 208Pb system, the best tted diuseness parameter obtained using
a single-channel calculation is 0.64 fm, with 2 = 2:41 and V0 = 105:5 MeV.
This is shown by the solid line in Fig. 4.5(a). The best tted diuseness is in
a very good agreement with the standard value.
However, channel couplings should be considered in the analysis at sub-
barrier energies. This is shown by the results of the other collision systems
where coupled-channels calculations produce better t to the experimental data
than single-channel calculations. Using a coupled-channels procedure, the best
tted diuseness parameter is 0.51 fm, with 2 = 1:11 and V0 = 168:3 MeV.
This is shown by the solid line in Fig. 4.5(b). The best tted diuseness
parameter is rather low compared to the standard value. Again, the best tted
diuseness parameter obtained through a coupled-channels analysis produce a
better t to the experimental data than the one obtained through a single-
channel analysis.
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Figure 4.4: The ratio of the quasi-elastic to the Rutherford cross sections for
64Ni + 208Pb system at sub-barrier energies. The analyses in (a) the upper and
(b) lower panels are performed using single-channel and coupled-channels calcula-
tions, respectively. The experimental data (taken from Mitsuoka et al. [21]) with
energies up to 3 MeV below the Coulomb barrier height are shown and denoted by
dots with error bars. The best tted diuseness parameters obtained using a single-
channel and a coupled-channels calculations are 0.82 fm and 0.66 fm, respectively.
The single-channel and coupled-channels calculations using using a = 0:70 fm and
a = 0:60 fm, respectively, are shown for comparison.
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Figure 4.5: The ratio of the quasi-elastic to the Rutherford cross sections for
70Zn + 208Pb system at sub-barrier energies. The analyses in (a) the upper and
(b) lower panels are performed using single-channel and coupled-channels calcula-
tions, respectively. The experimental data (taken from Mitsuoka et al. [21]) with
energies up to 3 MeV below the Coulomb barrier height are shown and denoted by
dots with error bars. The best tted diuseness parameters obtained using a single-
channel and a coupled-channels calculations are 0.64 fm and 0.51 fm, respectively.
The single-channel and coupled-channels calculations using using a = 0:55 fm and
a = 0:63 fm, respectively, are shown for comparison.
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4.4 Discussion
For all of the studied systems, the best tted diuseness parameters at sub-
barrier energies obtained through coupled-channels and single-channel calcula-
tions dier considerably. In light of this, the best tted diuseness parameters
obtained through coupled-channels calculations are taken as the correct pa-
rameters since they produce better ts to the experimental data than the ones
obtained through single-channel calculations. This is actually expected since
the eect of channel couplings is signicant and should be taken into account
at energies above the deep sub-barrier region. Figure 4.6 summarizes the best
tted diuseness parameters obtained at sub-barrier energies as functions of
charge products of the target and projectile. The best tted diuseness pa-
rameters obtained at deep sub-barrier energies from previous chapter are also
included for comparison.
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Figure 4.6: The best tted diuseness parameters obtained at sub-barrier energies
(denoted by triangles) as functions of charge products of the target and projectile
ZTZP . The best tted diuseness parameters obtained at deep sub-barrier energies
(denoted by circles) from previous chapter are also included for comparison. The
dashed line indicates a = 0:63 fm.
At sub-barrier energies, the best tted diuseness parameters for 54Cr, 56Fe,
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and 64Ni + 208Pb systems are in good agreements with the standard value,
but not for 48Ti, and 70Zn + 208Pb systems, where the best tted diuseness
parameters are signicantly low and rather low, respectively, compared to the
standard value. It can be seen from Fig. 4.6 that the best tted diuseness
parameters obtained at sub-barrier energies are generally quite signicantly
closer to the standard value compared to the diuseness parameters obtained
at deep sub-barrier energies.
It is also interesting to observe that higher diuseness parameters are re-
quired in order to t the experimental data as the energies are increased closer
to the Coulomb barrier heights. This can be clearly seen in Fig. 4.6 by compar-
ing the diuseness parameters obtained at deep sub-barrier energies with the
ones obtained at sub-barrier energies. It must be remembered that the ttings
at sub-barrier energies also include the data at deep sub-barrier energies. If the
data at deep sub-barrier energies are excluded from the ttings at sub-barrier
energies, one can see more prominent increases in the best tted diuseness
parameter.
It can also be seen from Fig. 4.6 that there is a possible tendency that a
higher charge product of the target and projectile leads to a higher increase in
the best tted diuseness parameter from the one obtained deep sub-barrier
energies to the one obtained at sub-barrier energies. However, the increase
for 70Zn + 208Pb system is lower than the increases for both 56Fe + 208Pb and
64Ni + 208Pb systems.
An increase in the diuseness parameter also leads to a lower potential
depth required to reproduce the Coulomb barrier height. Therefore, an in-
consistency in the diuseness parameters obtained at the two studied energy
regions basically would lead to an inconsistency in values of the potential depth
obtained at those studied regions. Figure 4.7 below shows and compares the
potential depths obtained at sub-barrier (denoted by triangles) and deep sub-
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barrier energies (denoted by circles). It can be seen from Fig. 4.7 that only for
54Cr + 208Pb system, the potential depths obtained at the two studied energy
regions quite agree with each other.
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Figure 4.7: The potential depths V0 obtained at sub-barrier energies (denoted by
triangles) as functions of charge products of the target and projectile ZTZP . The
potential depths V0 obtained at deep sub-barrier energies (denoted by circles) from
the previous chapter are also included for comparison.
Eect of Coulomb barrier height
We found in previous chapter that a small variation in the value of the Coulomb
barrier height has a small eect on the deduced diuseness parameter obtained
at deep sub-barrier energies. Here, we nd that the eect of the variation of the
Coulomb barrier height on the best tted diuseness parameter at sub-barrier
energies is considerably stronger than the eect at deep sub-barrier energies.
For a decrease of 1 MeV in the barrier height from the value that is originally
used (i.e. 236.25 MeV), the best tted diuseness parameter for 64Ni + 208Pb
system obtained at sub-barrier energies decreases by 0.08 fm, to a = 0:58 fm
(see Fig. 4.8). When VB = 235:25 MeV is used, only the experimental data with
energies equal to or lower than 232.25 MeV are used in the ttings. Therefore,
74
it is important to accurately and precisely know the value of the barrier height
in order to study the diuseness parameter at sub-barrier energies.
Furthermore, it is possible the actual values of the barrier height could
be slightly lower or higher than the values that are used here. However, it
seems that the uncertainties in barrier height cannot account for the discrepancy
between the diuseness parameters obtained at the two studied energy regions,
for example the discrepancy for 56Fe, and 64Ni + 208Pb systems. In fact, lower
barrier heights would also make the diuseness parameters obtained at deep
sub-barrier energies (in Chapter 3) to be more inconsistent with the standard
value.
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Figure 4.8: The calculated ratio of the quasi-elastic to the Rutherford cross sections
for the best tted diuseness parameters obtained at sub-barrier energies through
coupled-channel calculations for 64Ni + 208Pb system using two dierent values of
the Coulomb barrier height VB. When VB = 236:25 MeV and VB = 235:25 MeV are
used, the best tted diuseness parameters are 0.66 fm and 0.58 fm, respectively.
Eect of rT and rP
In previous chapter, we found that varying the target and projectile radius
parameters (i.e. rT and rP ) has no eect on the analyses at deep sub-barrier
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energies when single-channel calculations are used, while the eect is small
when coupled-channels calculations are used. However, at energies above the
deep sub-barrier region, varying the rT and the rP would considerably vary the
calculated quasi-elastic cross sections when coupled-channels calculations are
used. For example, when the rT and/or the rP are increased, the calculated
quasi-elastic cross sections increase. This is because increasing the rT and/or
the rP reduces the deformation parameters [see Eq. (2.55)], which, in turn,
reduces the coupling strengths. Since channel couplings play an important role
at sub-barrier energies, the decrease in coupling strengths would decrease fusion
cross sections at those energies, which, in turn, would increase quasi-elastic cross
sections.
Figures 4.9 to 4.13 show comparisons between the calculated ratio of the
quasi-elastic to the Rutherford cross sections for all of the studied systems using
rT = rP = 1:3 fm and rT = rP = 1:2 fm. As before (see Section 3.4), when
rT = rP = 1:3 fm, the deformation parameters are modied according to Eq.
(2.55). It can be seen from Figs. 4.9 to 4.13 that the eects of changing the
rT and the rP at deep sub-barrier energies are small compared to the eect at
energies above the deep sub-barrier region.
The eect of varying the diuseness parameter on the quasi-elastic cross
sections is opposite to the eect of varying the rT and the rP . This can be
clearly seen from the results (Sections 3.3 and 4.3) where a higher diuseness
parameter leads to lower quasi-elastic cross sections, whereas higher rT and rP
lead to higher quasi-elastic cross sections. Hence, a lower diuseness parameter
is required in order to best t the experimental data at sub-barrier energies
when lower rT and rP are used.
Therefore, it is possible to make the best tted diuseness parameters ob-
tained at sub-barrier energies to be consistent with the ones obtained at deep
sub-barrier energies by lowering the values of the rT and the rP appropriately.
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Figure 4.9: Comparison between the calculated ratio of the quasi-elastic to the
Rutherford cross sections for 48Ti + 208Pb system using rT = rP = 1:3 fm (dashed
line) and rT = rP = 1:2 fm (solid line). Both calculations are performed using
a = 0:63 fm and coupled-channels calculations with the coupling scheme as shown in
Table 3.2.
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Figure 4.10: The same as Fig. 4.9 but for 54Cr + 208Pb system.
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Figure 4.11: The same as Fig. 4.9 but for 56Fe + 208Pb system.
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Figure 4.12: The same as Fig. 4.9 but for 64Ni + 208Pb system.
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Figure 4.13: The same as Fig. 4.9 but for 70Zn + 208Pb system.
However, several things must be remembered and considered, and this would
present diculties. First, since all of the studied systems have the same target
nucleus, the same rT should be used. Secondly, the ranges of the rT and the
rP are likely to lie between 1.06 fm and 1.2 fm [11]. Furthermore, it must be
remembered that all of the colliding nuclei here are spherical. Therefore, it is
natural to feel that the rP (or the rT for
208Pb) for each nucleus should not
dier signicantly.
According to the results for 48Ti + 208Pb system, rT  1:2 fm should be
used in order to make the best tted diuseness parameters obtained at the
two energy regions to be consistent with each other. However, when rT  1:2
fm is used for 56Fe, and 64Ni + 208Pb systems for example, the consistency in
the values of the diuseness parameter obtained at the two energy regions can
only be achieved if the rP 's for
56Fe and 64Ni are signicantly lower than 1.06
fm. This eort would also make the value of the rP and the rP for each nuclei
studied here to dier signicantly. Therefore, an inconsistency in the values of
rP and rT would be created in order to achieve a consistency in the values of the
79
diuseness parameter obtained at the two studied energy regions. Furthermore,
this eort would also make the best tted diuseness parameters obtained at
sub-barrier energies to be much more inconsistent with the standard value.
In order to support our discussion above, when rT = 1:2 fm and rP = 1:06 fm
are used, the best tted diuseness parameter for 56Fe + 208Pb system obtained
at sub-barrier energies through a coupled-channels calculation is to 0.57 fm
(shown in Fig. 4.14). This means that the value of the best tted diuseness
parameter is reduced by only 0.02 fm from the value when rT = rP = 1:2 fm
are used. This shows that when rT = 1:2 fm is used, rP with a value much
lower than 1.06 fm is required for 56Fe + 208Pb system to make the best tted
diuseness parameter obtained at sub-barrier energies to be consistent with the
one obtained at deep sub-barrier energies, if it is possible.
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Figure 4.14: The calculated ratio of the quasi-elastic to the Rutherford cross sec-
tions for the best tted diuseness parameter (a = 0:57 fm) for 56Fe + 208Pb system
when rT = 1:2 fm and rP = 1:06 fm are used. The analysis is obtained using a
coupled-channels calculation. As usual, the experimental data are taken from Mit-
suoka et al. [21]).
The values of rT = rP = 1:2 fm that we use here are widely used for the
studied nuclei, including by our references, such as by Kibedi and Spears [42],
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and Raman et al. [43]. Hence, it must be stressed that it is very important to
accurately and precisely know the rT and the rP in order to correctly deter-
mine the diuseness parameters at sub-barrier energies. Therefore, considering
the inputs that are available, this present study suggests that higher values of
diuseness parameter are required in order to t the experimental data as the
energies are increased from the deep sub-barrier region to the energies closer to
the Coulomb barrier height.
S~ao Paulo potential
In Section 3.4, we showed that the eect of Pauli nonlocality is clearly negligible
at deep sub-barrier energies. In order to try to explain the discrepancy between
the diuseness parameters obtained at sub-barrier energies and deep sub-barrier
energies, we employ the S~ao Paulo potential [i.e. by using Eq. (3.4)] in the
calculations at sub-barrier energies.
Figure 4.15 shows the results of our calculations for 56Fe + 208Pb system
at sub-barrier energies. Similar as the result at deep sub-barrier energies, the
dierences between the quasi-elastic cross sections at sub-barrier energies ob-
tained using the S~ao Paulo potential and the Woods-Saxon potential for the
same diuseness parameter are very small.
If the Pauli nonlocality is able to explain the discrepancy found in this
study, then the VS P [Eq. (3.4)] should produce (almost) the same best tted
diuseness parameter when tting the experimental data at deep sub-barrier
energies and when tting the experimental data at sub-barrier energies. How-
ever, the calculations show that this is not the case. Hence, we demonstrate
that the eect of Pauli nonlocality is clearly negligible at sub-barrier energies,
and cannot account for the discrepancy found in this study.
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Figure 4.15: Same as Fig. 4.3(b). W-S and S-P denote the Woods Saxon potential
[Eq. (2.3)] and the S~ao Paulo potential [Eq. (3.4)], respectively. The plots using
the Woods-Saxon potential (solid and dotted lines) are the same as in Fig. 4.3(b).
The plots using the S~ao Paulo potential shown by squares and triangles are obtained
using coupled-channels calculations (as shown in Table 3.2) with a = 0:59 fm and
a = 0:70 fm, respectively.
Eect of threshold anomaly
In Section 3.4, we have discussed the eect of the phenomenon of threshold
anomaly on the obtained best tted diuseness parameters. It can be concluded
that if the phenomenon of threshold anomaly is present, it could make the best
tted diuseness parameters to appear lower than their original values.
It is interesting to see if the eect of threshold anomaly could explain the
discrepancy between the diuseness parameters obtained at sub-barrier energies
and deep sub-barrier energies. As mentioned before, the dispersion relation
makes the modulus of the real part of the nuclear potential to have a bell-shaped
maximum at energies near the Coulomb barrier height [49,50,52,53]. The sub-
barrier region should eectively be closer to the location of the maximum than
the deep sub-barrier region. This is apparent since from our denition here, the
sub-barrier region can be described as the deep sub-barrier region plus all the
energies up to 3 MeV below the barrier height. Hence, due to the dispersion
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relation, the modulus of VN [see Eq. (3.5)] at sub-barrier region VN(sub)
should be larger than the modulus of VN at deep sub-barrier region VN(deep).
In other words, VN(sub) is more negative than VN(deep).
Similar as the discussion on the threshold anomaly at deep sub-barrier en-
ergies (see Section 3.4), we can write the nuclear potential obtained from the
tting of the experimental data at sub-barrier energies VN(sub) as
VN(sub) = VU +VN(sub); (4.1)
where VU is the original nuclear potential that is not aected by the threshold
anomaly. Let us write again the nuclear potential obtained at deep sub-barrier
energies, which is
VN(deep) = VU +VN(deep): (4.2)
In order to eliminate the discrepancy, the VU 's in Eqs. (4.1) and (4.2) should
be the same. Eliminating the VU through Eqs. (4.1) and (4.2), and using the
fact that VN(sub) is more negative than VN(deep), we can write
VN(sub)   VN(deep) < 0: (4.3)
Let us again use the results of 56Fe + 208Pb system for illustration. Using
the obtained potential depths and diuseness parameters (see Sections 3.3 and
4.3), we can write
Vdeep(r) =   355:5
1 + exp[(r  R0)=0:38 fm] MeV; (4.4)
and
Vsub(r) =   103:6
1 + exp[(r  R0)=0:59 fm] MeV: (4.5)
The R0 in Eq. (4.5) should be slightly higher than the R0 in Eq. (4.4) due to
couplings [see Eq. (2.58)]. However, let us also use R0 = 11:9 fm in Eq. (4.5)
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since this would not invalidate our discussion here. Let us evaluate the nuclear
potentials at r = 15 fm, which makes VN(deep) =  0:102 MeV and VN(sub) =
 0:539 MeV. It can be seen that VN(sub)   VN(deep) =  0:437 MeV, which
is less than 0 MeV, thus, satises Eq. (4.3). Therefore, it seems that it is
possible to eliminate or at least reduce the discrepancy through the dispersion
relation. However, again, it is important to know the actual contribution by
the dispersion relation, so we can determine how much the discrepancy can be
reduced.
Dynamical eects
It is also likely that the discrepancy between the diuseness parameters ob-
tained at the two studied regions could due to the same factors that might
cause the diuseness parameters obtained through fusion experimental data
higher than those obtained through scattering experimental data (see Newton
et al. [7] for example). In fusion process, the colliding nuclei would penetrate
deeper into the nuclear potential region (i.e. the colliding nuclei approach each
other closer) than in scattering. Similarly, in quasi-elastic scattering at sub-
barrier energies, the colliding nuclei generally approach each other closer than
in quasi-elastic scattering at deep sub-barrier energies. So, it is apparent to
make a connection between the obtained diuseness parameters and how close
the colliding nuclei approach each other.
Newton et al. [7] have discussed several reasons that might cause the discrep-
ancy between the diuseness parameter obtained through fusion and scattering
experimental data. One reason that might be related to scattering at energies
below the barrier height is the dynamical eects, particularly regarding neutron
movements towards the other nucleus when the colliding nuclei come close to-
gether. This would reduce the dynamical barrier compared to the normal static
barrier [54]. The reduction in the barrier clearly would increase the fusion cross
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sections, thus decreasing the quasi-elastic cross sections.
So, if the neutron movements are stronger at sub-barrier energies than at
deep sub-barrier energies, then the quasi-elastic cross sections at sub-barrier
energies would be lower than expected in comparison with the quasi-elastic
cross sections obtained at deep sub-barrier energies. As can be seen from the
results of the calculations (e.g. Section 4.3), a higher diuseness parameter is
required in order to t lower quasi-elastic cross sections. This could at least
partly explain the increase in the diuseness parameters obtained in this present
study as the energies increase.
4.5 Summary
The surface diuseness parameters of the nuclear potential for heavy-ion sys-
tems of 48Ti, 54Cr, 56Fe, 64Ni, and 70Zn + 208Pb reactions have been studied
through large-angle quasi-elastic scattering at sub-barrier energies. The diuse-
ness parameters required to t the experimental data are between 0.43 fm and
0.66 fm. The deduced diuseness parameters for 54Cr, 56Fe, and 64Ni + 208Pb
systems agree with the standard value. However, the best tted diuseness
parameters for 48Ti, and 70Zn + 208Pb systems are signicantly low and rather
low, respectively, compared to the standard value.
At sub-barrier energies, higher values of the rT and rP would give higher
best tted diuseness parameters when coupled-channels calculations are used.
Therefore, accurate and precise values of the rT and rP are required in order
to nd the correct values of the diuseness parameter. Similarly, accurate and
precise Coulomb barrier heights are needed in order to study and deduce the
diuseness parameters at sub-barrier energies.
From the analyses, it is found that higher values of the diuseness parameter
are required in order to t the experimental data as the energies are increased
from the deep sub-barrier region to the energies closer to the Coulomb barrier
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heights. This can be seen by comparing the results of the analyses at deep
sub-barrier (from Chapter 3) and at sub-barrier energies. The increase in the
diuseness parameters also leads to a decrease in the potential depths. There
is also a possible tendency that a higher charge product of the target and
projectile leads to a higher increase in the best tted diuseness parameter
from the one obtained at deep sub-barrier energies to the one obtained at sub-
barrier energies. However, the increase for 70Zn + 208Pb system is lower than
the increase for both 56Fe + 208Pb and 64Ni + 208Pb systems.
The are a few possible reasons that might cause the discrepancy between the
diuseness parameters obtained at sub-barrier and deep sub-barrier energies. It
is found that the phenomenon of threshold anomaly could possibly explain the
discrepancy. It is also possible that the discrepancy is due to the same factors
that might cause the discrepancy between the diuseness parameters obtained
through quasi-elastic scattering experimental data and fusion experimental data
[7], particularly regarding neutron movements.
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Chapter 5
Summary and concluding
remarks
In this thesis, the nuclear potentials for some heavy-ion reactions have been
studied through large-angle quasi-elastic scattering. We have shown and ar-
gued that large-angle quasi-elastic scattering is a suitable method to study
the nuclear potential. Recently, many large-angle quasi-elastic scattering ex-
perimental data have been measured with high precision and accuracy, which
enable reliable analyses to be performed. In this thesis, analyses on the nu-
clear potentials, in particular the surface diuseness parameters, for 48Ti, 54Cr,
56Fe, 64Ni, and 70Zn + 208Pb systems have been performed. The analyses are
performed by tting the experimental data at deep sub-barrier and sub-barrier
energies, as dened in Chapters 3 and 4, respectively.
For the analyses at deep sub-barrier energies, the diuseness parameters that
are required to t the experimental data are between 0.32 fm and 0.56 fm. The
best tted values for all of the studied reaction systems are clearly signicantly
lower than the standard value of around 0.63 fm, except for 56Cr + 208Pb sys-
tem, where the best tted diuseness parameter (a = 0:56 fm) is in satisfactory
agreement with (but still lower than) the standard value. We investigate the
eects of some calculational inputs, the S~ao Paulo potential, and the threshold
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anomaly on the deduced diuseness parameters. We nd that the threshold
anomaly might explain the relatively low diuseness parameters obtained at
deep sub-barrier energies in comparison with the standard value.
For the analyses at sub-barrier energies, the diuseness parameters that are
required to t the experimental data are between 0.43 fm and 0.66 fm. The
best tted diuseness parameters for 54Cr, 56Fe, and 64Ni + 208Pb systems agree
with the standard value. However, the best tted diuseness parameters for
48Ti, and 70Zn + 208Pb systems are signicantly low and rather low, respec-
tively, compared to the standard value. The deduced diuseness parameters
obtained at sub-barrier energies are generally quite signicantly closer to the
standard value compared to the diuseness parameters obtained at deep sub-
barrier energies. We investigate the eects of some calculational inputs on the
deduced diuseness parameters and found that the target radius parameter rT ,
the projectile radius parameter rP , and the Coulomb barrier heights VB play
quite signicant roles in determining the diuseness parameters at sub-barrier
energies. Therefore, accurate and precise values of the target radius parame-
ter, the projectile radius parameter, and the barrier height must be known to
correctly determine the diuseness parameters from the analyses at sub-barrier
energies.
From the results of the analyses, it is found that higher values of diuseness
parameter are required in order to t the experimental data as the energies are
increased from the deep sub-barrier region to the energies closer to the Coulomb
barrier heights. This can be seen by comparing the results of the analyses at
deep sub-barrier energies (Chapter 3) and at sub-barrier energies (Chapter 4).
An increase in the diuseness parameter also leads to a decrease in the potential
depth. There is also a possible tendency that a higher charge product of the
target and projectile leads to a higher increase in the best tted diuseness pa-
rameter from the one obtained at deep sub-barrier energies to the one obtained
88
at sub-barrier energies. However, the increase for 70Zn + 208Pb system is lower
than the increase for both 56Fe + 208Pb and 64Ni + 208Pb systems.
We try to nd out the reasons other than the calculational inputs in order to
account for discrepancy between the diuseness parameters obtained at the two
studied regions. We show that that the eect of Pauli nonlocality is negligible
in this present study. On the other hand, we nd that the phenomenon of
threshold anomaly, a well-known phenomenon in the scattering of heavy-ions,
could eliminate or at least reduce the discrepancy. It is also possible that
the discrepancy is due to the same factors that might cause the best tted
diuseness parameters obtained through fusion experimental data higher than
those obtained through scattering experimental data. One of the factors is the
dynamical eects, particularly regarding the neutron movements.
Further studies on many other collision systems will denitely be helpful in
order to support or disprove the ndings in this present study. Experimental
data that enable the determination of the actual contribution by the dispersion
relation on the studied systems will also be helpful in order to see how well the
threshold anomaly can explain the ndings in this study. New experimental
data will also be helpful in case there are errors in the present data.
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Appendix A
Phenomenological nuclear
potential
In the thesis, we assume that the nuclear potential has the Woods-Saxon form
[Eq. (2.3)], and we determine the parameters such that they reproduce the
experimental data. The nuclear potential can also be obtained by folding a
nucleon-nucleon interaction in the projectile and the target densities [55]. The
nuclear potential in this double folding procedure is given by
VN(r) =
Z
d~r1d~r2vNN(~r  ~r1 + ~r2)T (~r1)P (~r2); (A.1)
where vNN is the eective interaction between two nucleons, while P and T
are the the distribution of the centers of mass of the nucleons in the ground
state of the projectile and target nuclei, respectively. The coordinates for the
double folding potential are shown in Fig. A.1.
Akyuz and Wither [56] numerically performed this procedure and parame-
terized the nuclear interaction in the Woods-Saxon form with
V0 = 16 Ra; (A.2)
R0 = RP +RT + 0:29; (A.3)
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Figure A.1: Coordinates for the double folding potential.
Ri = 1:233A
1=3
i   0:98A 1=3i (i = P; T ); (A.4)
R = RPRT=(RT +RP ); (A.5)
 = 0

1  1:8

NP   ZP
AP

NT   ZT
AT

; (A.6)
where a = 0:63 fm and 0 = 0:95 MeV fm
 2.
Christensen and Winther [57] used the experimental data of elastic scatter-
ing to formulate a nuclear potential in the form of
VN(r) = V0 R exp[ (r  RT  RP )=a]; (A.7)
where RP , RT , R and a are the same as those in the Akyuz-Winther potential
described above. Vaz et al. [58] has discussed a method to use the experimental
data of heavy-ion fusion reactions at energies above the Coulomb barrier. This
method has also been employed in high precision data of heavy-ion fusion cross
sections [7, 59]. Such procedure leads to results that suggest a Woods-Saxon
potential has larger surface diuseness parameters a (ranging from 0.75 to 1.1
fm) than the ones obtained from the experimental data of elastic scattering (i.e.
a  0:63 fm). The eects of internal excitations have been shown to have an im-
portant role in determining the empirical nuclear potential for the 16O + 144Sm
reaction [60]. However, for deformed systems 16O + 154Sm, 186W, those eects
are negligible at energies above the Coulomb barrier where the experimental
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data were tted. Therefore, the origin of the large surface diuseness parameter
still remains a problem to be solved.
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Appendix B
Comparison between
coupled-channels calculations at
energies around the Coulomb
barrier
In order to see the eect of collision energy on the obtained best tted diuse-
ness parameter, we have to make a comparison between the best tted diuse-
ness parameter obtained at deep sub-barrier energies with the one obtained at
energies above the deep sub-barrier range. We nd that at energies below the
Coulomb barrier height, the quasi-elastic cross sections are less inuenced by
channel couplings and by dierent coupling schemes compared to the quasi-
elastic cross sections at energies above the barrier height. Figure B.1 below
illustrates this. It can be seen that at energies below the barrier height (which
is 205.50 MeV for 54Cr + 208Pb system [45]), the coupled-channels calculations
are closer to the single-channel calculation than those at energies above the
barrier height. Also, the dierences between the coupled-channels calculations
obtained using two dierent coupling schemes are smaller at energies below the
barrier height than those at energies above the barrier height.
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Since the analyses above the deep sub-barrier region require coupled-
channels calculations, we decide to constrain the energy range of our analyses
to the region below the Coulomb barrier height in order to minimize the eect
of channel couplings and maximize the accuracy of the analyses. Therefore, in
Chapter 4, we perform analyses by using large-angle quasi-elastic experimental
data with energy up to 3 MeV below the Coulomb barrier height.
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Figure B.1: A comparison between a single-channel calculation (solid line) and
coupled-channel calculations obtained using two dierent coupling schemes (dashed
and dotted lines) for 54Cr + 208Pb system. The dashed line shows a coupled-channels
calculation using single-quadrupole phonon and triple-octupole phonon excitations in
the projectile and the target, respectively. The dotted line shows a coupled-channels
calculation using triple-quadrupole phonon and triple-octupole phonon excitations
in the projectile and the target, respectively. All calculations are performed using
a = 0:63 fm.
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Appendix C
Numerical stabilization of
coupled-channels calculations
When coupled-channels analyses are performed using the ccfull code [10],
the o-diagonal components of the coupling matrix are assumed to be zero at
a distance below a coupling cut-o radius rcut. This is justied due to a strong
absorption in the inner region of a heavy-ion system. The coupling cut-o
radius is intended to stabilize the calculations and only aects coupled-channels
calculations. This matter was discussed in more details by Muhammad Zamrun
F. et al. [45].
For 70Zn + 208Pb system, a coupling cut-o radius of 12 fm is used, instead
of 10.9 fm that is used in the other systems. The reason for this change is be-
cause a cut-o radius below 12 fm produces signicant numerical instabilities in
the calculations for 70Zn + 208Pb system at relatively high values of diuseness
parameter, causing the best tted diuseness parameter at sub-barrier energies
unable to be determined when using a coupled-channels procedure.
Figure C.1 compares between the calculated ratio of the quasi-elastic to
the Rutherford cross sections using rcut = 12:0 fm and rcut = 10:9 fm for
70Zn + 208Pb system. The calculations are done using the coupling scheme
as shown in Table 4.2, and a = 0:63 fm. It can be seen that the dierences
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between the calculated cross sections using the two values of rcut are small in the
studied energy region, which is under 3 MeV below the Coulomb barrier height.
Moreover, it is also justied to increase the rcut slightly for the
70Zn + 208Pb
system since the projectile has a slightly larger nuclear radius compared to the
other studied projectiles. The barrier height for 70Zn + 208Pb system when
using a = 0:63 fm is located at 13.45 fm. Therefore, the location of the rcut =
12:0 fm should still be well inside the Coulomb barrier for other values of
diuseness parameter in general.
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Figure C.1: Comparison between the calculated ratio of the quasi-elastic to the
Rutherford cross sections obtained using rcut = 12:0 fm (solid line) and rcut = 10:9
fm (dashed line) for 70Zn + 208Pb system. The calculations are performed using the
coupling scheme as shown in Table 3.2, with a = 0:63 fm.
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